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Chapter 4 
Experimental Study 

"Batatinha quando nasce, 

esparrama pelo chão. 

Menininha quando dorme; 

põe a mão no coração." 

Brazilian nursery rhyme 



4.1 INTRODUCTION 

As we have indicated in Chapter I, the main objectives of our experimental study 

aretwo: 

(i) to investiga te to what extent our characterisation of algebraic thinking enables us 

to distinguish between different types of solutions for "algebraic verbal problems," and, 

(ii) to ascertain the nature of the non-algebraic models used to solve those 

problems. 

The choice of "algebraic verbal problems" as the basic type of problem to be used, 

is due, first, to our interest in examining the exteut to which the situational context of a 

problem may suggest a model or impose unnecessary restrains on the chosen models. 

Second, algebraic thinking involves a shift towards "modelling in numbers," and by using 

contextualised problems we would be able to discem more shades o f the solution process, 

as the amplitude of the shift would be greater than i f we used "pure n umber" problems. 

Third, "algebraic verbal problems" are material typically used in the !ater series of primary 

school and early series of secondary school, a period of schooling in which we have 

particular interest; by using our framework to examine that material, we would be, at the 

same time we conducted the research more closely connected with the thesis's objectives, 

furthering our understanding o f that specific type of problems. 

We decided to include "secret number" problems in order to investigate whether the 

absence of a situational context would lead the students to use an algebraic, or at least a 

purely numerical model, or whether they would try to model the problems by interpreting 

them "back" into some situational context or into some non-numerical Semantic Field (eg, 

whole-part models or geometric models); by using a syncopated notation-abbreviations 

for the variable names and the conventional symbols for the arithmetical operations and the 

equality-we would be able to examine how the non-algebraic solvers would make sense 

of the "arithmetical" contextl, and understand some of the difficulties involved in making 

sense o f a problem presented in that form. This is an issue of particular in terest for research 

on the learning of algebra, and by avoiding the use of "letters" we would be able to focus 

on the value of the "arithmetical" expressions as informative articulmions, ie, (local) 

structures which inform the solution process. 

I We use quotes in order to emphasise that we are only referring to a form of presentation­
as opposed to a form of representation. Whethcr or not the solver will deal arithmetical/y, ie, 
in numbers only, with the problcm, is something which cannot be predictcd a priori. 
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THEEXPLORATORY STUDY 

The object o f this small scale investigation was to study the strategies used to solve 

"algebraic verbal problems" by subjects with little orno instruction in school algebra. Its 

aim was to understand to what extent the strategies of school algebra are compatible with or 

similar to those informal solutions, and what kind of obstacles would have to be overcome 

if one wanted to build a knowledge of school algebra from those informal strategies. 

The exploratory study was carried out with three groups. Two third-year groups, 

3T and 3A (19 students in each) were from Femwood Comprehensive School; a younger 

group, on the last year of primary school, J (21 students), was from Fernwood Junior 

School. Both schools are in Nottingham, England. 

Group 3T was rated as top-ability by the school; group 3A was rated as low- to 

average-ability. 

The test presented to J and 3T consisted of five "algebraic verbal problems," plus 

two questions about "making change". The test presented to 3A consisted of different 

versions of four of those five problems, plus the remaining problem with the same text, 

plus five short questions about solving problems. 

Each problem corresponded to a different "algebraic structure," i e, it would 

correspond to a different type o f equation. 

Both sets of problems are presented in Annex A. 

Of the five main problems used in this study, only one, the "Consecutive Numbers" 

problem, was not used in the main study, primarily because its investigative nature required 

more time for ít to be solved. The specific results of the exploratory are in complete 

agreement with those obtained in the main study-which are presented in the subsequent 

sections--and for this reason will not be discussed here. 

The only remark which is worth making is related to the "Consecutive Numbers" 

problem, which was not, as we said, used in the main study. Unexpectedly, the primary 

school students performed equally well as, if not slightly better than, the secondary school 

students. Given the very small size of the samples, this information cannot be taken as 

indicative of any general phenomenon, but we were led to believe that the students in J 

dealt more freely with the problem, ie, apparently they had less expectations about how this 

type of problem "should" be solved, both beca use the problem was completely new for 

them, but also because their experience with solving problems was much less related to the 

use of specific methods, and as a consequence they were more able to explore the situation 
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The six test papers composed, in fact, three pairs of test papers; each pupil was 

presented with one of the pairs, each test paper presented in a session, never on the same 

day, and never more than a week !ater. Each paper was solved in a 50 minutes session. 

An important aspect of the testing conditions, was that the students were allowed to 

use calculators whenever they were available, as well as being told, in ali cases, that the 

calculations could be just indicated if the student thought it was "too hard" to perform. 

They were told, moreover, that they could solve the problems using whichever method 

they wished, and the word "algebra" was carefully avoided in the introductions, in order to 

prevent induction to a specific method, but also to prevent causing anxiety in those students 

who knew little or nothing of "algebra." 

The particular aspects of each group of problems examined in this dissertation are 

presented in the relevant sections on the data analysis. 

For the main study we contacted two schools in Brazil-Escola de Aplicação da 

USP and Colégio Hugo Sarmento, both in the city of São Paulo-and two schools in 

England-Friesland Comprehensive School and Margaret Glen-Bott Secondary School­

both in Nottingham. We decided to work both with Brazilian and English groups for two 

reasons. First because the marked differences in the teaching of mathematics in the two 

countries-in method as well as in content3-suggested that we would have a much more 

varied sample in terms of approaches and models used, a suggestion which proved to be 

correct. Second, because we would have the opportunity to carry out a preliminary 

investigation into the effect of different teaching approaches in the development of an 

algebmic mode of thinking, an aspect which we intend to further examine in the future. 

Two Brazilian 7th grade groups (age 13-14 years, 56 students), two Brazilian 8th 

grade groups (age 14-15 years, 53 students), three English 2nd year groups (age 13-14 

years, 53 students) and three English 3rd year groups (age 14-15 years, 66 students), form 

the sample of the main study. The number of students and the average age for each group, 

are given in Annex C. 

As a consequence of the test papers structure, each question was solved by roughly 

one-third of ali students in the sample (total of 228 students). 

3The tcaching of mathematics-particularly the teaching of algebra-in Brazilian schools is, 
aJmost invariably. contcnt-drivcn and quite formal; investigativc activities are very rare in 
Brazilian mathematics classrooms. Onc may safely say that quite the opposite is true in 
English schools. This general picture applics very well in thc case of the four schools where 
our experimental research was conducted. 
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Five categories were used to classify the solutions: 

1) correct solutions in which the problem is solved by setting and solving a 

numerical equation in a recognisable fonn (OKEQT); 

2) correct solutions that did not use any recognisable form of equation; t~e 

calculations used to produce the answer are presented, with or without an 

explanation or a diagram supporting the choices of calculations to be performed 

(OKCALC) 

3) incorrect solutions where there was an attempt at using an equation (WEQT); 

4) incorrect solutions where equations are not used; calculations are presented, with 

or without an explanation ora diagram supporting the choices of calculations to be 

perf01med (WCALC); 

5) trial-and-error solutions (T &E); 

Calculations wrongly perfonned did not characterise a solution as "incorrect": if the 

overall procedure would lead to a correct answer had the calculations been performed 

correctly, the solution was classified as "correct"; also, there were cases in which a 

complete answer involved the detennination of two values and only one of them was given 

by the student: the correctness of the solution in those cases was assessed in relation to the 

potential of the method employed to produce the second value, and in relation to the 

student's awareness o f the existence of two values to be determined, as shown in the 

establishment and manipulation of the chosen model. 

The categories above are intended to describe only the form of presentation of the 

solutions, not the underlying model; an OKEQT solution, for example, does not imply 

the presence of algebraic thinking. We consider this set of categories to be suitable for two 

reasons: (i) on the one hand, it is standard, providing categories which are easily 

understood and applied by other people; and, (ii) precisely because it is based on the 

perceived proximity of a solution to "standard algebraic solutions"-notationwise--the 

analysis of scripts belonging to a same category allows us to highlight the importance of 

understanding the underlying model in the process of investigating the nature of the 

thinking involved in producing a given solution. 

In this sense, the categories above provide a general "background" framework, 

which is not supposed to correspond to the much finer understanding which is produced by 

the analysis of the scripts. Moreover, in the examination of the scripts, we have not 

characterised them according to the polarities produced in Chapter 3, from the historical 
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study. The analysis conducted in Chapter 3 has a much more dynamic nature than that 

conducted in the context of the experimental study, mainly because in Chapter 3 we not 

only elicit the models accepted by a given mathematical culture, but also relate the 

acceptance of those models to the more general conceptual framework of the mathematical 

culture in question; in the case o f the experimental study, the application of a similar type o f 

analysis would necessarily involve examining the mathematical etlws o f those students-a 

line of research which seems to belong naturally to future extensions of our present work. 

Attempting to use the polarities from Chapter 3 to produce some sort of justification o f the 

choice of models we had identified, seemed, thus, an artificial and inadequate approach. 

Although recognising the importance of providing a more complete and "actual" 

framework for characterising the non-algebraic solutions, we think that it would not be 

possible to produce such a framework in the context of this dissertation, above ali because 

it would depend on a much deeper study of modes of thinking other than the algebraic one. 

*** 

For the purpose of our analysis, four groups were considered: AH7, which 

comprises ali the Brazilian 7th grade groups; AH8, which comprises alithe Brazilian 8th 

grade groups; FM2, the English 2nd year groups; and FM3, the English 3rd year groups. 

Ali the percentage results of each problem examined in the analysis of the 

experimental study, given for each of the four groups above, is in Annex D; nevertheless, 

those percentages which suggest relevant or interesting aspects of the overall solving 

activity, are quoted again in the the section corresponding to the group of problems to 

which they refer. 

The methodological approach of our analysis of the data gathered in the main study 

is thoroughly qualitative; this means that no strong claim is made exclusively on the basis 

of the percentage results, but also that no statistical treatment was applied to the percentage 

data. In our analysis, the percentage data only suggests underlying modelling trends, and 

any claim is supported by instances to be found in the scripts. 

Experimental Study 170 



4.2 TICKET AND DRIVING PROBLEMS 

THE PROBLEMS 

Sam and George boughttickets. to a ronoert. 
Because Sam wanted a bener seat, bis ticket cost four times as much as 

Oeorge's dcket. 
Altogether they spent 74 pounds on lhe tickets. 

What was the oost o f each ticket? 
(Explain how you solved the problem and why you dit it that way) 

Tickets 4x 

Sam and George bought tickets to a conoen. 
Because Sam wanted a better seat, bis ticket cost 2.7 times as much as Gwrge's 

ticket. 

Experimental Study 

AJtogelher they spcnt 74 pounds on lhe tickets. 

What was the oost o f each ticket? 
(E:~tplain how you solved lhe problem and why you dit it that way) 

Tickets 2.7 

Mr Sweetmann and bis family have to drive 261 miles to get from London to 
Le<ds. 

Ata certain point they decided to stop for lunch. 
After lunch they still had 10 drive four times as much as they had already 

driven. 

How much did they drive before lunch? And after lunch? 
(Explain how you solved the problem and how you knew what to do) 

Driving 4x 

Me Sweeunann and his family have to drive 261 miJes to get from london to 
Leeds. 

Ata certain point they decided to stop for lunch. 
After lunch they still had to drive 2.7 times as much as they had already 

driven. 

How much did they drive before Junc-h1 And after lunch? 
(Explain how you sólved lhe pr~lem and why you did it that way) 

Driving 2. 7 
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GENERAL DESCRIPTION 

This is the only pair of problems to appear on ali three sets of questions, with the 

pair Tickets [4 times] (T4) I Driving [2.7 times] (D2.7) appearing in the Blue-Gray and 

Green-Beige tests, and the pair Tickets [2.7 times] (T2.7) I Driving [4 times] (D4) 

appearing on the Yellow tests. 

The questions were designed to investigate to what extent different kinds of 

numbers- namely, counting numbers vs. decimal non-integer numbers- would affect 

the choice of models used to solve problems with the same "algebraic" stmcture, and which 

models would result. The (4] problems have the structure "this is 4 times as much as that, 

and altogether. .. ", and the [2.7] problems h ave the same structure with 2.7 replacing 4. 

In order to have some control over possible effects of the context in which the 

problems were set, we used two contexts with different characteristics. In the "Driving" 

problems the objects are portions of a road with different lengths, which can be sectioned 

(for example, to be compared) and still maintain their charactedstic as a portion of a road. 

In the "Tickets" problems the objects are tickets with different values; there is no real 

meaning in "sectioning" one of the tickets, and any direct contextualised comparison would 

have to be made on the basis of the exchange values. It is clear that in both cases a 

comparison is possible using respectivcly the lengths and the values. 

DISCUSSION OF POSSIBLE SOLUTIONS 

The simples! algebraic model that fits into those problems is a linear equation in one 

unknown . A direct "translation" from the problems would in fact produce a set of two 

linear equations in two unknowns. In Tickets and Driving , however, this reptesentation 

was never used; instead, direct substitutions were used, which we will comment a few 

paragraphs ahead. 

Depending on whether the unknown (here represented by x) is taken as the cheaper 

ticket or the distance travelled before lunch, oras the more expensive ticket or the distance 

travelled after lunch, we would have one of the following equations: 
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(El) x + ax = b 
(E2) x +x/a= b 
(E3) b • x = ax 

(E4) b · x/4 = x 

with the corresponding values of a and b. 

Equations E2 and E4 were never used by any student. Equation E3 was used by 

one student only. 

Setting the equation can be done in two very distinct ways, either by directly 

representing a numerical relationship ("a number plus a times this number is equul to b") 

or by representing instead a whole-part relationship. On the forrner situation, the model 

applies equally both to [4) and to [2.7] problems, because only a knowledge of operating 

with decimal numbers is required (to multiply, to add- very much as it has to be done 

with the [4] problems where only counting numbers are involved) and for the students in 

our study this knowledge was sufficiently developed. On the lutter situation, however, 

producing meaning for "4x" and for "2.7x" are processes that involve different degrees of 

difficulty, even if calculating aspects of decimal numbers are well understood. 

A whole-part model is quite simply produced for [4] problems: "1 (lot of) x plus 

4 (lots of) xis equal to ... "; the 1 and the 4 play their natural role of "counting numbers". 

When tbe same model is applied to [2.7] problems, the need to interpret 2.7 as a "counting 

number" becomes an obstacle because it requires - at least - the additional step of 

decomposing the "2.7 lots" into "2lots and 7 tenths of a lot" for the "counting" to become 

visible. 

Alternatively, an analogy could be drawn with "2.7 pounds of beans" (und one 

would reasonably expect the students in our study to have no difficulty in concluding that 

"if one buys 1 pound of black beans and 2.7 pounds of chilli beans, one has 3.7 pounds of 

beans altogether", indicating a willingness to accept decimais as quantifier). However, to 

successfully apply this analogy to [2.7] problems one has to take the smaller of the two 

quantities (cheaper ticket or shorter portion of joumey) as a unit5. 

No matter which model is used to set the equation, an Algebraic solution of the 

equation is one that is based on properties of the arithmetical operations and of the equality 

involved in the equation. 

5 A stcp not casily scen by those studcnts, as the analysis of thc data will show. 
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A property like ab = c ~ b = i can be easily justified in terms of "sharing" if 

a is a positive integer ("if a lots of b is equal to c, then sharing c into a parts will give the 

value of b"), but not otherwise. If however this property is seen as a property of the 

numerical relationship, and thus also applicable when a is not a positive integer, we will 

consider that an algebraic understanding exists, and if the "explanation" is maintained it will 

be seen as a particular illustration of the property. 

A straightforward solution to E I would be, 

(02. 7) 

x + 2.7x = 261 

3.7x = 261 

261 
x = j~7 = 70.5 miJes, etc .• 

It is important to observe that the operations performed with 02.7 would be: 

(i) 1 + 2.7; (ii) 261+3.7; (iii) 70.5 X 2.7; 

and with 04, 

(i) 1 +4; (ii) 261+5; (iii) 52.2 X 4. 

Non-algebraic models that fit in to those problems' context would almost certainly 

be ofthe type "1 Jot anda Iots, giving ... ", be they supported by or derived from a line 

diagram, a Venn diagram, ora block diagram, ie, a whole-part model (Figure T&D 1). 

As we saw above, the strncture produced by such models can be reinterpreted as a 

numerical relationship and manipulated algebraically, to produce an algebraic solution. But 

such structures can also be directly manipulated, with calculations performed only to 

achieve required evaluations of parts. 

- l -I 
L 
<O parts o. 

I I -
~ ..J 

T 

b 

figT&D 1 
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With T4 the manipulation of the whole-part structure would proceed like this: 

(i) one of the tickets is 4 times more expensive then the other one; this is the same 

as saying it "is" 4 tickets; 

(ii) 1 ticket and 4 tickets cost b pounds, ie, 5 tickets cost b pounds; 

(iii) now, to know how much 1 ticket costs, I share the b pounds into 5 tickets. 

With D4 we would have the same general procedure, with "parts" or "sections" 

replacing "tickets". It is clear that "lots" would work well with both . 

Operations are used to evaluate parts as necessary. Thus, 

(ii') 1 +4 corresponds to evaluating the totalnumber of tickets, and, 

(iii') b + 5 corresponds to evaluating how much goes to each of the 5 tickets 

through the sha.-ing. 

When the same model is applied to [2.7] problems, two difficulties arise. One is the 

reinterpretation of "2.7 times more" as "2.7 tickets" oras "2.7 sections". Although the 

problem is concerned with the value of the tickets, the non-algebraic models deal with this 

by associating "the value of onc ticket" to "one ticket", the image of the ticket working as 

an icon for the value. It is from this point-of-view that the 2.7 should have to "count" 

tickets in the way the 4 naturally does, with the consequences pointed out a few paragraphs 

above. 

The second difficulty is in fact twofold. On the one hand, there is a problem with 

step (iii) above. In our description of the non-algebraic solution for T4 we used the word 

"share"- underlined for emphasis- beca use we wanted to stress that the main aspect of 

the manipulation is the sharing, the result of which is eventually made actual either by 

perforrning the division by 5, a build-up calculation or by a trial-and-error process. In the 

case of [2.7] problems, obtaining the value of "1 lot" by "sharing" the total into "3.7 lots 

(?)" is certainly a difficult and "unnatural" step.6 

On the other hand, it is difficult to see why anyone would want to step into (ii) 

without being aware that this is an interrnediate step leading to (iii); step (ii) corresponds to 

"finding how many altogether so I can share between them" instead of "collecting the 

various occurrences o f the unknown". Although in procedural terms step (ii) is processed 

6"unnatural" to the extent that experts would use such metaphor only to try and make a 
verbal link with some situation whcrc only "true'' counting numbcrs appear. 
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before step (iii), both steps are engendered in conjunction: the two aspects are composed to 

produce a larger obstacle that has to be overcome in one go7. 

One important point in relation to this group of questions is that it is clear here that 

the use of algebraic symbolism (standard or not) is not enough to guarantee that algebraic 

processes are involved in the solution of [ 4] problems. Algebraic notation could be used as 

a concise notation for a non-algebraic solution, a complete correspondence existing with the 

steps o f an algebraic solution (figure T &D 2), as much as a "calculations only" solution 

could have been guided algebraically (the problem being simple enough to allow that). 

(~ 4x x + 4x = b 

b pounds 

(----~ -~ ...... ) 
sx ---~ ~/ Sx ::: b -- ~b pounds 

)( )( )( )( )( 

= = = = = )( = b:S 
b:S b:S b:S b:S b:S 

figT&D2 

Nevertheless, our analysis also indicates that no matter thc notation employed, the 

greater the use of an algebraic model by a group of students would produce a smaller 

difference between the facility leveis for [4] and [2.7] problems. 

7Thc analogy with "buying x and y pounds of ... " would nol bc cnough to ovcrcomc alonc 
this doublc difficulty: lhe "anticipation" problcm would rcmain. 
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Previous research on the solution of multiplicative problems h as pointed out that the 

operations of arithmetic (multiplication and division being of interest for us in this section) 

might remain linked to "primitive behavioural models that influence tacitly the choice of 

operations [to be used to solve problems] even after the learner has had a solid formal­

algorithmic training" (Fischbein et ai., 1985, p.3). According to Fischbein, the preferred 

model for multiplication would be one of repeated addition, and the preferred models for 

division would be those of partitive or sharing division and of quotative or measurement 

division. It is clear that "under such an interpretation ... a multiplication in which the 

operator is 0.22 or 5/3 has no intuitive meaning." (op. cit., p.4) 

Our identification of the difficulties that might arise from applying a whole-part 

model to [2.7] problems is in resonance with the interpretation provided by Fischbein and 

bis colleagues to the difficulties they identified. Moreover, it is an integral part of their 

interpretation that the " .. .ldentification o f the operation needed to solve a problem with two 

items of numerical data takes place not directly but as mediated by the model" (ibid.), 

which means that the phenomenon they identified can be examined as an instance of 

non-algebraic thinking. From this viewpoint, the fact that " ... the enactive prototype o f an 

arithmetical operation may remain rigidly attached to the concept long after the concept has 

acquired a formal status" (ibid., pp. 5-6) is reinterpreted in two ways8: 

• that the enactive prototype remains attached to the concept (at least in relation to 

contextualised problems) is seen as a consequence of rather than a cause to the 

preferential use of non-algebraic models; the properties of the operations that 

will be reinforced - and will thus remain characteristic of the use of the 

operations in such situations- are those that correspond well to, for example, 

whole-part models: Fischbein's repeated sum corresponding to our "counting 

multiplication", and division as "sharing"; 

• if what is meant by "acquiring a formal status" is understanding the 

reversibility of operations, then it is clear that the use of non-algebraic models 

would account for the observed effect, once something that would be 

meaningful in the Semantical Field of numbers and arithmetical operations has 

to be blatantly overlooked for the [2.7] problems to have a higher degree of 

difficulty; if on the other hand it simply corresponds to" ... the learner has had 

solid formal-algorithmic training" as quoted before, it then means that the 

8The primary aím of reinterpretíng Físchbcín's findíngs in tcrms of our framcwork ís not to 
add dírectly to them---although wc thínk we do, but part of our effort to bríng together 
severa! research fíndíngs of interest for the rcsearch on Algcbraíc Thínking, provídíng a 
common explanation in tcrms of our framework. 
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that 

operations ate not used in the problems with this same generality because the 

models used do not have the required generality, and we h ave shown that this 

is the case with whole-part models. 

Bel! et ai. (1989a, p. 438) criticized Fischbein's Theory of lntuitive Mode/s, saying 

" ... First, although its basis is the children's assumed perceptions of the 

structural properties of lhe operations, it can only be made consistent with 

experimental results by adding an extraneous hypothesis; second, numerical 

perccptions involving the ignoring of decimal points cause conflict with its 

predictions. These considerations suggest that the theory givcs insufficient 

weight to pupils' numcrical, rathcr than structural, pcrceptions" (our emphasis) 

and developed a Theory of Competing Claims that takes Numerical Preferences as the 

most significant factor in determining the choice of operation. By considering four possible 

aspects o f solving the problems, rather then focusing in only one as the Theory of I ntuitive 

Models does, the Theory of Competing Claims produces a much finer analysis, with a 

much more precise adjustment to the experimental data. It is true, however, that the 

difference between the results of the two analysis is one of degree of precision rather then 

one of major conflict9. Moreover, the Numerical Preferences hypothesized in Bel! et ai. 

(1989a, p. 438)- " ... preferences for dividing the latger by the smaller number and for 

multiplying or dividing by an integer ... " - can be put, at least partially, into 

coiTespondence with Fischbein's prefeiTed modeJsiO. 

There is an important point to be examined here. Both Fischbein's and Bell's 

models consider only the case where the operations have a "structure" (Bel!) or "model" 

(Fischbein) associated to them. But if we are examining the choice of operation, then one 

of the following cases must apply: (i) the subject solving the problem simply "scans" the 

list of ali calculations - atrangements o f numerical data and arithmetical operations - until 

one is found that seems to be a correct choice, or (ii) the subject produces a model of the 

9whcrc Bell 's analysis produced four clearly distinct leveis o f difficulty, Fischbcin 's analysis 
produced only two, without howcvcr any major inversion on predicted leveis of facility, ie, 
if qucstion A is at a lower levei than questíon 11 according to Fischbcin, it is never the case 
that 11 is ata higher levei than A according to Bcll's analysis. (scc Bell et ai., 1989a, pp. 441-
442) 
lOPrefcrence for multiplication by an integer corresponding to the rcpcated addition modcl, 
and prefcrence for division by an integer corrcsponding to thc sharing modcl. 
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situation given - in many cases a partia! model only - and on the basis of tbe 
model decides which operations could and should be used; it is only then that this or that 

operation will be seen as suitable or not. On the first case, numerical aspects - which 

account directly for three of the four aspects examined by Bell - would certainly constitute 

a strong factor. 

In the second case, we argue that there are two layers of behaviour. At the first 

levei, the subject tries to make sense of the situation and to produce a model that seems 

adequate. If she or he considers to have found a suitable model, the solution proceeds by 

manipulation of the chosen model; the use of an operation is suitable or not only in relation 

to this model, ie, it depends on whether or not using it makes sense in the context of the 

semantic framework of the model. The solution process might be eventually blocked if the 

model can not be purposefully manipulated by the subject any fmther. At a second levei, if 

and when the subject does not produce a model that works in a satisfactory way for her or 

him, then other aspects come in to direct consideration to guide the choice of operation (for 

example the fact that buying 0.75 pounds of flour must cost less than buying one pound 

together with the belief that "division makes smaller", makes division a natural choice). 

This is not to say that such factors play no role in the elaboration of the model, but only that 

their influence is direct or indirect - and thus more or less diluted - depending on the 

levei one is working at. 

This formulation of the process shifts the focus of the analysis from limitations 

intrinsic to the operations to limitations to their use created by the purpose with which they 

are used. With non-algebraic models, the purpose would be to evaluate parts as required by 

the manipulation of the model; with algebraic models, the purpose would be to produce 

new numerical relationships of required forms, by transforming previously produced 

relationships; when a structure fails to be produced, operations are chosen as to produce 

(psychological) contentment in relation to the expected outcome of the problem. It is clear 

that the last of the three situations is the one where Numerical Preferences- in Bell's 

sense- are bound to predominate. 

Moreover, this approach enables us to understand beyond "arithmetical ability" 

(performing the operations with different kinds of nnmbers) the difficulties here 

examined.11 

11This is a vcry adequate outcome of our approach. Fischbein (1985, p.4) reminds us that 
"To say that multiplication by 0.22 or 5/3 has no intuitive meaning is not to say that it has 
no mathematical meaning. Childrcn may know vcry well that 1.20 x 0.22 and 9 x 5/3 are 
lcgitimatc mathcmatical exprcssions", and Bcll's study (l989a, in particular figure 1, p. 440) 
shows that although performance improvcs w_ith age (which most ccrtainly mcans, in the 
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The results of a second study presented on the same paper ( op. cit., pp. 444-447) 

also offer some support to our interpretation12, 

"The making of a correct estimate dcpends on a corrcct perccption of thc 

operational structure of the problcm. This does not neccssarily requirc 

identification o f thc numerical operation needed to calcula te thc exact result. We 

know from the numcrical misconccption MMBDS that pupils must havc an 

awarcncss of lhe sizc of lhe expected answer before making a choice of operation. 

Wc suggest lhat in division problems and problcms involving multiplication by 

numbcrs lcss than I, the estimate is made directly by a scmiqualitative ratio 

comparison, without explicit identification o f lhe division operation". 

suggesting that modelling happens prior to the choice of operations. 

On the basis of our analysis a local hierarchy can be established for the Tickets and 

Driving problems: 

• if the model used is totally algebraic, with respect to both setting and solving 

the equation, then the degree of difficulty is the same for ali four problems; 

• if the model used consists of setting the equation as a description of a 

non-algebraic structuring, and then solving it algebraically, then [4] problems 

are easier than [2. 7] problems; 

• if the model used is purely non-algebraic, then [4] problems are significantly 

easier than [2. 7] problems. 

It is against this local hierarchy that we will examined the prefened models used by 

the students. 

case of the study's samplc - ali engaged m formal education - improved 
"arithmetical ability"). similar difficulties occur throughout the whole range of age 
groups. 
12This becomcs even more clcar i f one substitutcs " ... a correct pcrccption of t h e 
opcrational slruclurc of lhe problem" by " ... lhe perceplion of an adequate operalional 
structurc for thc problem." 
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GENERAL DATA ANALYSIS 

As it is clear from the data, the [ 4] problems were much more accessible to the 

students than the [2.7] problems. This is true not only for the overall numbers, but also for 

each of the four groups. 

A possible explanation for such a difference in the facility leveis would be that the 

decimal numbers introduced difficulties with the actual calculations. This is not the case, 

however, because: (i) errors in the calculations were not considered as errors when the 

overall procedure would lead to a correct answer were the calculations correctly performed 

(Alessandra A, A8I), and (ii) the students either used calculators or were told that 

calculations could be just indicated if they felt it was too "hard" to do. There is also the fact 

that 32% of ali wrong answers to T2.7 and 45% of ali wrong answers to D2.7 resulted 

from dividing the total by 2.7 instead of 3.7. 

Alessandra A- D2.7 

It is true that the decimal numbers could have affected the use of a trial-and-error 

strategy. However, the percentages of T&E solutions are very low both for [4] and [2.7] 

questions, which indicates that this negative effect is totally negligible (in fact, the higher 

percentage o f T &E solutions appears exactly for T2. 7- 8% overall). 

In ali four groups, solutions for the [4] problems depended less on an algebraic 

model being used for a correct answer to be achieved, as it is indicated by the fact that the 

percentages of correct algebraic solutions in relation to the total of correct answers is 

smallerfor the [4] problems than for the [2.7] problems (41% for T4, 21% for D4, 71% 

for D2. 7 and 53% for T2. 7). In FM2 this is not strictly true beca use the percentage o f 

con·ect algebraic solutions for T2.7 is zero, but given that the levei of correct answers isso 
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low (6%)- and ali of them obtained through T&E- the dependence on an algebraic 

model - or to put it another way, the inefficiency of other models - is also established. 

The same observation is valid for FM3 in relation to D2.7, but not in relation to T2.7. 

The distinctive aspect in FM3-T2.7 is that the percentage of T&E correct solutions 

is much higher than in the other three groups, accounting for 56% of the conect answers. 

The same group produced no T&E solutions for D2.7 and one explanation is that the 

numbers in T2.7 are far more "triable" than those in D2.7 . However- and from the 

viewpoint of our research this is more relevant - the percentage of "+3.7" (conect) 

solutions is only 16%, with no conect algebraic solutions, which would produce, were it 

not for the T&E answers, a very low levei of conect answers. 

Central in respect to this group of problems, the percentages o f conect answers are 

significantly higher for (4] problems than for the corresponding [2.7] problems, which 

indicates, in the light of our previous analysis, a clear tendency towards non-algebraic 

models. 

This finding is supported in a more direct way by the fact that: 

• differences in percentages o f"+ 3.7 or 5" (correct) solutions for corresponding 

[4] and [2.7] problems are also very significant (below 25% only for AH8-T4 

and T2.7; to AH8, however, corresponds the highest percentage of correct 

algebraic solutions for T4, 73%), and 

• whenever there is a significam difference in the percentages of correct algebraic 

solutions to corresponding [ 4] and [2. 7] problems, the balance leans towards 

the [ 4] side. 

STUDENTS' SOLUTIONS 

A number of solutions involved the whole-part models examined in the previous 

sub-section. With Tickets problems this meant for example, stating that "there are the 

equivalem of 5 tickets in the sum" (David W, F3A; Sergio R, HS8I), 

David W- T4 
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Sergio R- T4 

and with Driving problems, "splitting" the journey in to 5 sections or parts 

(Eiizabeth W, F3B; Clare B, F3B; Jack D, F3B; Jacob B, F3A). 

Clare B- T4 

Jack D- T4 
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Jacob B- T4 

I 
Elizabeth W- T4 

The use of diagrams not only shows how parts and sections themselves are taken as 

objects, but also emphasize how difficult it would be to use this model in a [2.7] problem. 

One "calculations only" solution to T2.7 shows, on the other hand, how dose it 

may be to an algebraic solution that does not employ algebraic symbolism (Nick P, F3B). 
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Nick P- T2.7 

This is a particularly interesting instance: Nick's solutions to a "secret number" 

problem corresponding to 6x + 165 = 63 shows his awareness of treating numerical 

relationships in purely numerical terms, but nevertheless, his scripts also show that he 

never spontaneously produced numerical relationships to model problems that had not one 

already given in some explicit form (the "secret number" problems, for example). Another 

script, however, shows us the opposite case: Jenny G (F3B) writes down an arithmetical 

sentence that correctly models the problem, but fails to go any further (supposedly for not 

knowing how to derive the value of the question mark from that expression). 

Jenny G- 02.7 

Each o f those students' cases illustrate an aspecto f embryonic algebraic thinking: 

Jenny's awareness of the numerical model; Nick's awareness of the purely numerical 

treatment of numerical relationships. It is the fusion of those two aspects that produces the 

algebraic solution in Vanessa J's (F3A) script. 
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Flavia C (A 71) and Alex K. (A81) ': correctly set and solved equations, as did 

Carolina R (HS81). It is important to notice, however, that Carolina's equation derives 

from an initial representation of the problem that is different from Flavia and Ernesto's. 

While they thought in terms of"what composes the total", she thought in terms of"what is 

left after the first part o f the journey". However derived from different initial readings of a 

whole-part scheme, the three solutions converge as they reach a point from where they are 

only concemed with operating within the realm o f numbers. 

' .... E: ~d6l\té,~;.tf ; .,?,,~;·); ;, ' ... ·. 

!,~l·~;w~o~~~~>~:lti$~~~'tJ{ <L .. I) • . . ..•• ·••·• 
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Flávia C- T4 

Alex K. 
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- 02.7 

Carolina R- 02.7 
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Another group worth examining is that of wrong solutions in which standard 

algebraic notation is employed. In two of our examples (Adriana V, A81; Ana C, A81), the 

initial equations correctly model the problem's situation, but they are dealt with in an 

incorrect way: there are technical errors. 

Adriana V- T2.7 

AnaC-T4 

On the other two examples (Vinícius G, AS!; Adriano I, AS!), the initial equations 

do not model the problem correctly, but this time they are correctly solved: there are 

modelling errors. 
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Adriano I - D2. 7 

What is common to ali the four solutions is the assumption that by modelling the 

problem with a numerical relationship and then numerically manipulating it is an acceptable 

method for solving the problem. 

SUMMARY OF FINDINGS AND CONCLUSION 

· We think that the most important aspect in relation to this group of problems, is that 

it provides direct and clear illustration of different ways of modelling an "algebraic verbal 

problem," both algebraic and non-algebraic, partiéularly throwing light in the use of 

whole-part models, the superficial similarities and the deep differences between those 

models and algebraic ones. 

It became clear that the choice of operations used in the solution process was mostly 

secondary to the modelling of the problem. In the case of algebraic solutions, it is the 

arithmetical articulation, as discussed in chapter ;, that informs the solution; in the case of 

whole-part solutions, it is the composition of the whole in terms of its parts-the 

whole-part mticulation. 
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It was important to see, in Ticket[4] problems, the transformation of the more 

expensive ticket in to "four tickets," i e, the application o f the whole-part model 

independently from a "geometric" representation, indicating that those models are not 

simply a direct representation of the objects of the context; this suggests the possibility of 

the existence of a more general underlying model, in which case we would have a bigger 

obstacle to the development of an algebraic mode of thinking than if it were simply the case 

of totally contextualised solution, as an already established general model--even if not 

explicitly stated-would "compete" with the newly offered algebraic one. On the other 

hand, the teacher may take this to her or his advantage, by making the underlying 

whole-part model explicit,. so it can be compared with algebraic models and the differences 

clearly established. 

The fact that [2.7] problems are so more difficult i f a whole-part model is used, can 

be understood in relation to the way in which the numbers involved are understood. Used 

with T &Dproblems, whole-part models impose a distinction between "the numbers that 

count the number of parts" and "the numbers that correspond to each part." Because the 

"unknown" parts are never dealt directly with, the notion of number that dominates in the 

model is that of counting number, and this clearly makes whole-parr models not applicable 

at ali to [2.7] situations. It is likely thatteaching aiming at developing an awareness of the 

fact that, say, 

2.7 x price per pound=price of 2.7 pounds 

would significantly enhance the performance in [2.7] problems, but, as we have already 

indicated, the justification of such knowledge in terms of a decomposition of the decimal 

"coefficient" is far from immediately yisible, so this seems to be an area to which anyone 

developing a teaching approach for the teaching of algebra h as to pay careful attention. 

Finally, the scripts in this section show ways in which, as we had indicated in the 

theoretical analysis o f possible solutions, equations o f the type 

ax + bx = c, a and b positive integers 

can be modelled back into a whole-part model, but not if a or b are not integers; for the 

teacher or researcher, the factthat the modelused can be completely hidden behind the use 

of "algebraic notation," indicates that it is not enough to suppose that the ability to solve 
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equations of the type above imply the ability to solve the case with at least one of a and b 

non-integer. 

We think that this is an extremely important result o f our study, as it clarifies the 

inadequacy of "starting with examples with simple numbers" approach in the specific case 

of the types of equation involved in the solution of the problems in this section, but at the 

same time pointing out that a general problem exists in this respect, and that the underlying 

model has to be examined if we are to understand students' difficulties in Jearning algebra 

and in developing an algebraic mode of thinking. 

4.3 SEESAW·SALE-SECRET NUMBER PROULEMS 

THE PROULEMS 

Experimental Study 

Iam thinking of a "secre!'' numbcr. 
I will only tell you that ... 

181 • (12 x secret no.) = 128 - (7 x secrel no.) 

The question is: Which is my secret number? 
(ExpJain how you solved the problem and why you did it that way) 

SNl Problem 

Wha.t is lhe weight o fone brick ? 

Grorje LIUOWl lWIY lll)riçk$ lnd Sll!1 

lhrownway j brio:: O. 

(Explain how you solved the problem and why you did it that way) 

Seesaw 11-5 Problem 
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Ocorge throws away fourtimes as 
much weight uSam does. 

Now thty 111e b.alanced. 

How many kilograms did George throw away? And Sam? 
(Explain how you solved lhe problem and why you did it that way) 

Seesaw 4x Problem 

Maggie and Sandra went to a records sale. 
Maggie took 67 pounds wíth her, and Sandra took 85 ponds with her (a lot of 

money!!). 

Sandra bought 11 Lp's, and Maggie bought 5 Lp's. 
As a result, when they left the shop both of them had the same amoum of 

money. 
w~t i\ .\-he rnca.. o\ 0.1" 1.-p 1 
(Explain how you solved the problem and why you did it lhat way) 

Sale 11-5 Problem 

Maggíe and Sandra wentto a records sale. 
Maggie took 67 pound~ with her, and Sandra took 85 pounds with her (a lot of 

money!!). 

Sandra spent f ou r times as much money as Maggie spent. 
As a result, when they left the shop both of them had lhe same amount of 

money. 

How much did each o f them spend in lhe sale? 
(Explain how you solved the problem and why you did itlhat way) 

Sale 4x Problem 
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GENERAL DESCRIPTION 

This group of problems consisted of five problems, four of them contextualised 

(two contexts, Seesaw and Sale) and one "secret number" problem, where the problem 

condition is given in the form of a "syncopated" numerical equation. 

Both Seesaw (E) and Sale (A) problems were presented in two distinct ways. 

The first one gives the relationship between how much each of the two persons 

involved "threw away" (for E problems) or "spent" (for A problems) in terms of number 

ofpieces ([11-5] problems). The second one gives that relationship in terms of ratio ([4x] 

problems). 

Giving the relationship in te1ms of number of pieces sets the number of unknowns 

in the problems to only one, namely the weight of a brick or the price of an Lp (ora T­

shirt, in the case of the Brazilian tests). 

On the case of [4x] problems, on the other hand, they primarily involve two 

unknown quantities, linked by the given ratio, and the reduction into a problem with one 

unknown is a necessary step towards a correct solution of the problem, a step that involves 

a substitution. 

The SN1 problem was included in this group for the reasons already discussed in 

the introduction to this chapter. 

On the Brazilian tests, Sal e problems had numbers significantly larger than those 

on the English version, due to the riecessity of adjusting the context to Brazilian prices. 

This may have discouraged trial-and-error solutions, but in any case trial-and-error 

solutions are not common in Brazilian classrooms, being in general explicitly characterised 

by the teachers as a "non-solution", and are not accepted by most teachers as a valid answer 

in a test. Although we insisted with the students that any method would be accepted, we 

expected a very low levei of trial-and-error answers from the Brazilian groups - what 

actually happened- so the effect of larger numbers would be insignificant. We also chose 

to use "T-shirts" instead of "Lp's" because buying the former is a more usual activity for 

those students. 

DISCUSSION OF POSSIBLE SOLUTIONS 

Strictly speaking, [4x] problems are rnodelled algebraically by the set of equations 

{
a • x = b • y 
y = 4 X 

while [11-5] problems are modelled algebraically by 
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a • llx = b • Sx 
From this point ofview, [4x) problems are intrinsically more difficult than [11-5] 

problems. 

However, it is possible that the given ratio is used to produce a direct parts 

substitution ("one lot and four lots") or a direct numerical substitution ("a number, four 

times a number"), thus reducing [4x] problems to the algebraic form 

a • x = b • 4x 

without going through the set of equations. From then on, both problems would be equally 

difficult from the algebraic point-of-view. 

We expected non-algebraic solutions to fali in to one of two main categories: 

(i) a qualitative analysis of the situation, for example, 

"If Gcorge's side was heavier hut now they are thc samc, it must bc because the 

amount George threw away in excess of what Sam did 

corresponded to lhe original difference between lhe two sides." 

In this case, two subtractions would be performed in order to evaluate the original 

difference in weight and the number of units put away in excess, and then a division, in 

order to evaluate how much of the original difference corresponds to each unit thrown 

away in excess. 

(ii) a comparison ofwholes strategy, supported or not by a diagram (fig SSE I) 

.- .-. ·- ·-

Fig SSE 1 

Here two subtractions would also be performed, this time in order to evaluate the 

difference between the two wholes and the number of units "missing" on the smaller of the 

two wholes, and then a division, in order to evaluate how much of the difference 

corresponds to each unit . 
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The Secret Number (SNl) problem can be seen in three very distinct ways. 

1) as an equation in syncopated form, in which case the numerical relationship 

could either be (1 a) manipulated algebraically, or (1 b) modelled back (for example, a scale­

balance situation) and the resulting model manipulated to produce the an swer . 

2) as a template, providing a condition that has to be satisfied by the secret number 

but no information as to how to find it; 

3) as a compact description of a whole-part model situation~g. the one described 

some paragraphs above-that can be manipulated to find the required number. It is 

important to emphasise that this does not mean modelling back a numerical problem, but 

actually seeing it that way from the beginning. The subtraction signs are literally 

interpreted as "separating" or "removing" from the unequal wholes, an action that 

produces two new, equal, wholes. 

There is a subtle but important difference between (lb) and (3). In (lb) the 

numerical relationship is recognised as sue h, although as a "by-product" of modelling a 

situation, and an effort is made to model it back into a setting where manipulation is 

possible; in (3), however, the arithmetical symbolism is never seen as such, once the 

expression involves an unknown number that cannot be nsed in calculations, and even 

worse, this number appears on both sides of the equality sign, completely removing any 

sigbt ofa "result", and thus, any sigbt of"calculations". Instead, adding is seen asjoining, 

subtraction as disjointing or separating or taking away, and multip!ication as grouping that 

many lots or parts. 

A study by John Mason (1982) reveals not only that symbols for arithmetical 

operations are easily used with tbis interpretation by young students, but also that wben 

used in this way they migbt evoke properties different from tbose evoked by tbe 
• 

arithmetical use, as in, for example, when trying to symbolise tbe Cuisinaire rods 

configuration in fig. SSE 2, where 

3 x 3blacks and 2whites 

can be consistently interpreted as 

3(3blackS+2whites) 

even in tbe absence of the original configuration (a correct interpretation in the context of 

the activity), but 

3 x 3blacks + 2whites 

migbt be interpreted, in the absence of the original configuration, as 

(3 x 3blacks) + 2whites 
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Fig SSE 2: configuration of rods to be described 

The stronger bond produced by "and" is in correspondence to its use in normal 

speech, where in a phrase like "Sam and George's excellent performance!" the judgement 

is immediately seen as applying to both. 

The use of non-algebraic models is bound by the necessity of maintaining a 

dimensional homogeneity when using addition and subtraction, ie, as far as the operations 

are used to evaluate a total ora dijference in measures, the two operands must be seen as 

having the same dimensional type, once they are seen as measures. Algebraic models, on 

the other hand, avoids this concern by introducing a homogeneity in numbers that can be 

sustained throughout exactly because of the internalism characteristic to thinking 

algebraically. Dimensionality does not belong to the scope of algebraic thinking. This 

characteristic of the manipulation of non-algebraic models can serve, for example, to 

indicate the inadequacy of performing certain calculations (for example, on Ell-5 
problems, the inadequacy of subtracting 11 (the number of bricks Sam threw away) from 

273 (the initial weight on Sam's side)). 

One aspect of algebraic and non-algebraic solutions is of special interest in relation 

to this group, because it is well recognisable in the range of different solutions to this group 

of problems. 

In the general characterisation of our framework we have indicated that algebraic 

solutions are analytical. Moreover, we have secn that ali the problems in this group can be 

correctly modelled by a numerical equation of the fonn 

a - bx = c- dx 

Because the unknown appears on both sides of the eqnality sign, an algebraic 

solution to this equation cannot avoid manipularing the unknown, ie, adding or subtracting 

terms involving the unknown. But this is not an intrinsic characteristic o f thc relationship, it 

is rather a consequence of the analytical character of the algebraic method, of the need­

so to speak --to express the unknown (required) number in tetms of known numbers and 

operations on them. 
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We have also shown that the problems inthis group, including SNl- and very 

similarly the above equation when b and d are whole numbers- can be modelled into a 

whole-part model, and that the manipulation of such model to produce the required number 

or measure completely avoids manipulating the unknown by producing successive 

evaluations of unknown measures from known ones, until one finally reaches a step where 

the unknown (required) measure is evaluated. Again, this is not a characteristic of the 

whole-part model itself, but of the synthetical character o f non-algebraic methods. 

Research on the solution of equations has indicated that there is a "didactic cut" in 

the passage from manipulating equations where the unknown appears on one side only of 

the equal sign to manipulating those where it appears on both sides, and that this cut 

corresponds to the " ... nced to operatc on the unknown in the solution of [sue h] linear 

equations" (Gallardo, 1987). 

Our analysis above indicates that the root of the difficulty with unknowns on both 

sides might lie on the fact that non-algebraic thinkers operate synthetically thus not 

operating with unknown values, ie, an important part of the strategy required to solve 

algebraically those eq uations does not fit in to their normal, general framework. Also, it 

could be that the process of translating back a numerical equation with nnknowns on both 

sides of the equal sign into a non-algebraic model is too difficult because of the complexity 

of the required models, and building some expertise on the process depends on a 

reasonable amount of experience. Nevertheless, students can be taught translating back 

skills (Gallardo, 1990). 

Gallardo's example on page 44 (op. cit.) is particularly insightful, and we will 

examine it in some detail. It is about a student that had been taught to solve equations of the 

type 

ax + b = ex + d , a>c , b<d, a,b,c,d>O 

by " ... translating the equation's elements into a geometrical situation, where figures with 

equivalent areas were involved" (ibid.) (fig SSE 3). 

fig. SSE 3 

When she had understood this model, she was then given the equation 
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9x + 33 = 5x - 17 
which she modelled using the model taught with an "invention of her own": the subtraction 

of 17 was taken as meaning the remova! of a pie c e of the are a equivalent to Sx. (fig SSE 4) 

9 

fig. SSE 4 

The student manipulates this model to mrive at 

4x + 33 + 17 ~ O 

corresponding to fig. SSE 5, and then a block occurs, because she is not willing to accept 

the negative solution. 

33 

4 

fig. SSE 5 

This example is insightful, in the first place, because it suggests that the refusal to 

accept a negative answer is dueto the fact that the "x" is representing the measure of a side 

in the figures, and thus can be but a positive number. In the second place, it shows the 

extent to which such solution is dependent on properties of the geometrical configuration, 

ie, the geometrical configuration is not justa support diagram to help to keep track of a 

reasoning that is "in essence" idcntical to the one behind an algebraic solution. FinaJly, this 

example supports our suggestion that the process of translating back is far from simple and 

straightforward, as finding a similar geometrical configuration to model and solve an 

equation like 

173 - Sx ~ 265 - llx 
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would certainly involve either a reasonable amount of experience with such models, having 

being taught the configuration as a "solution formula", ora high degree of ingenuityl3. 

*** 

On the basis of our analysis of the problems, we hypothesized that: 

A) [4x] problems might be more difficult to solve than [11-5] prob1ems for a 

student using a non-algebraic approach, because [11-5] problems provide objects (bricks 

or Lp 's) that can be immediately seen as parts, while on the case o f [ 4x] problems one h as 

first to establish a unit (more easily, how much Sam threw away or how much Maggie 

spent) to be then manipulated as a part and to represent the "4 times" as "4 parts" or "4 

lots"; 

B) [4x] problems might be easier to solve if an algebraic approach is used rather 

than a non-algebraic one, because the "4 times as much" statement would suggest within a 

Numerical Semantical Field- by suggesting a multiplication -- the correct "unknown, 4 

times the unknown" structure; this approach reduces the difficulty of having to establish a 

unit, once seeing the "4 times as much"- times indicating a ratio- as meaning "4 times 

the other amount"- times indicating multiplication- immediately entails the "other 

amount" that is to be multiplied as an object (multiplication requiring two numbers to be 

perfom1ed). The predominam use of an algebraic approach within a group of students 

would thus reduce the difference between the facility leveis for [11-5] and [4x] 

corresponding problems. 

C) SNl problems would be extremely difficult to solve using a non-algebraic 

approach. 

GENERAL DA TA ANAL YSIS 

One aspect of the data is helpful in understanding other aspects on the data, so we 

examine it first. 

For both Brazi!ian groups the SNl problem had the highest levei of facility among 

the problems in this group (43% for AH7 and 88% for AH8), ali but one of the correct 

solutions employing equations. On the other hand, for both English groups lhe S N 1 

13The dcgree to which this is true can be easily verificd by trying to produce such 
configuration and to solve thc cquation using it. It was not immcdiatcly that I found a way 
out of it myself. 
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problem had the Jowest facility levei among the problems in this group (4% for FM2 and 

15% for FM3); four of the seven correct answers employed equations. 

Those numbers are a direct indication of the extent to which Brazilian pupils dealt 

better with equations than their English counterparts, once eventual difficulties with 

modelling the problem onto an equation are almost reduced to none. More important here, 

however, is the fact that solving SNl problems depended so heavily on the use of 

equations. 

Only 4 students on the combined FM2-FM3 group (75 students solving SNl 

altogether) tried to use an equation with SNl and failed to solve it correctly. Together with 

the very low levei of success on SNl that suggests that students on the FM2-FM3 group 

were predominantly trying to use non-algebraic methods to solve SNl problems. 

Another aspect of interest arising from the data is the use of equations on 

corresponding [11-5] and [4x] problems. In almost ali cases- the exception being All-5 

and A4x for FM3, where the use of eqnations was nil for both problems- the percentage 

of correct solutions using equations is higher for [4x] than for [11-5] problemsl4. This 

indicates that algebraic solutions do belong to a Semantica/ Field where numerical 

relationships are meaningful by themselves, as the suggestion of the multiplication seems to 

be the factor that triggered the choice of an algebraic solution. 

More support for this interpretation can be drawn from the fact that on the AH7 

group the bulk of the correct answers to [11-5] problems carne from non-equation solutions 

but ali the correct solutions to [4x] problems used equations. Algebra is systematically 

introduced only on the 7th grade of Brazilian schools, usually !ater on the first half of the 

academic year; thus, seventh graders can be considered well informed and somewhat 

ski/ful in solving equations, but not yet deeply committed to using equations whenever 

they are given a verbal "algebraic" problem. This can be also seen in the fact that in ali of 

the four contextualised problems, most of the incorrcct solutions on the AH7 group do not 

attempt to use an equation and most of the incorrect solutions on the AH8 group do 

represent a mistaken use of equations. This suggests that for the Brazilian 7th graders the 

"default" approach is non-algebraic, and for the 8th graders it is an algebraic one, namely 

the use of equations. 

14This diffcrence is significant on the Brazilian groups, although it is not significam on 
the English groups duc to the very low levei of corrcct answers using cquations. 
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The use of algebraic methods resulted - as we have predicted - in very similar 

facility leveis for three out of four pairs o f corresponding [ 11-5] and [ 4x] problems on the 

Brazilian groups, while on the English groups [ 11-5] problems were always significantly 

easier than the corresponding [ 4x] problems. 

On the Brazilian groups SNl has a high facility levei, and the lower leveis of 

correct answers to the four con textualised problems indicate difficulties with modelling 

them with an equation, ie, with establishing a correct arithmetical relationship; this is even 

more evident as we look at the percentages of incorrect solutions involving equations at 

AH8, that "by design" (curriculum) is bound to use equations more than AH7. On the other 

hand, on the English groups SNl has a low facility levei, and the differences between 

corresponding contextualised problems reflect difficulties in seeing meaningful 

relationships between the elements in the context ofthe problems. 

The former difficulty might be seen as having a greater degree of complexity, as 

one would have to make sense of the structure of the given situation and then transform it 

into a numerical-arithmetical problem. However, the mode of thinking in which one is 

operating is of substantial importance in determining for a given problem the degree of 

difficulty in understanding the structure of a problem. The fact that a person is aiming at 

transforming a contextualised problem into a numerical-arithmetical one may be, as we saw 

in relation to [4x] problems, of great help in making sense of a structure for the problem, 

which shows that difficulties with the algebraic approach do not represent the simple 

accumulation of the numerical difficulties on the top of other difficulties in understanding 

the structure o f the problem. 

STUDENTS' SOLUTIONS 

The SNI problem 

Ali of the 43 OKEQT solutions by Brazilian students (of a total of 71 students 

presented with the question) used standard algebraic symbolism while the three OKEQT 

solutions by English students (out of 75) employed "secret no", "sn" or "?". In itself this 

suggests that the use of a special form of symbolism, rather than syncopation or the 

"iconic" interrogation mark might become a significant factor in establishing equations as 

recognisable---and thus acceptable and capable of being manipulated--mathematical 

objects. This suggestion is supported by a number of explanations presented with the 

solutions (Banira G, AH7; Ana B, AH8; Eurico G, AH8): 
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Bartim G, AH7: "When I say that lhe secrct number is J!., it is bccause x can 

be any number. It is [thc] unknown." 
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Ana B, AH8: "I rcplaced the "sccrct no." that is in the hint by x and thcn 

traniformed the hint into an equation and solvcd it until I found out the J!.." (our 

italics) 

Eurico G, AH8: "I took lhe givcn formula and rcplaccd thc sccret no. by an 

unknown, after this I moved the unknowns to onc sidc and the numbcrs to the 

othcr, tllCn it was justa matter of complcting [lhe solution]." 
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In 19 out of the 43 OKEQT solutions by Brazilian students, an intermediate form 

is produced between the problem' s statement and the equation in its standard form, putting 

12x and 7x or 12 x x and 7 x x in brackets (as Bartira G, AH7, script already shown, 

did), an aspect that also supports that suggestion. 

In 23 OKEQT solutions by Brazilian students, the following line appeared: 

-Sx = -53 

instances showing that in algebraic solutions the meaningfulness of each expression 

produced is related only to the perceived correctness of the process that produced it, ie, the 

internalism of thinking algebraically. 

A variety of algebraic techniques appeared on the O KEQT scripts: 

(i) multiplying both sides by ( -1) to get rid of the negative signs (Cláudia F, AH7) 

or to transform the side of the equation containing terms in the unknown into a 

more appropriate fotm (Andrea M, AH8); 

hB -(la.""-)" ta'l!-(h z..) 
13i-l;;tx.. ~ l<l-8 -,ç:i. 
-I ;Lx_ -I :fJ<. a I lU:\- t6i 

<sx.. ~s:.. 
-• (·S'l:.),. -q-s~) 

5>:-,.5;> 
]C.$ 5~ 

T 

rat-12n = t28- ::rn 
-1'21')-t '}(I :: 1'2.11- \~l (!.-~ 
t2n-h'\ = ·l'lll + 1 ~ l 

5'()" 5'3 
1'\ "" 1011o 
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Claudia F, AH7 

Andrea M, AH8 
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(ii) directly performing the division (-53)+(-5), without first performing the step 

described on the previous item (Ernesto K, AH7); 

1S'~- 1Z:x:- = f:2S-i-:x. 
-1t:x:.-VtY:.. ""'-1ã'i-t f:z& 

- Õ.::>G =--53 

.::<:::.-:::: -53:(-:;) 
)C. :::: 10,(, 

Ernesto K, AH7 

(iii) transforming the equation into a standard form (ax + b = O, Ana B, AH8, 

script already shown on this section), (ax + b =ex + d, Robert M, FM3); 

1 't; 1- ( 1 t :x,Se<:rek-A.o = I Z.. S - ( 7 x &ét:ret- fio) 

I 'i) 1 :::::. I "t- b - ( 1 "X &i>cret" f\0 ) -+ I t x S «"'~ .J 
1 ~ 1 -t (-r )<. s "' L::::: a L.~ -f: \\ Z .~ S A) 

• S ?. -t ( 1 ,. 5") - I 'l. K S fl 
~ - Sx SI\ . 

~ SFJ. ~-. ·--' 

L-~~·~~~L-~--WU·~--- ~--------·-··--~~--------~ 
Robert M, FM3 

(iv) expressing the answer both as a fraction oras a decimal number; 

One solution is of particular interest (Nick A, FM3). Apart from the use of"?" for 

the unknown, it seems to present us with a mixed solution. The first step, 

181 - 12x? == 128 - 7? 

181 - 5? = 128 

could be seen as the result of an algebraic manipulation. The second step, however, 

181 - 5? = 128 

181 - 128 = 53 

5? = 53 
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seems to be based on a whole-part modelling of 181 - 5? = 128, once no intennediate step 

is provided except the evaluation of 181-128, and the transfonnation seems to be a direct 

one. Whether the first step was also based on a non-algebraic mode1, nothing can be 

concluded. 

NickA,FM3 

From ali four groups (a total of 146 students presented with the question) there 

were on1y five OKCALC solutions to SNl. This immediately indicates that to model 

SNl into a non-algebraic model was a very hard task for those not able to use an algebraic 

one for whatever reason. 

Of the five OKCALC solutions, Elizabeth W's (FM3) was certainly the most 

peculiar. First, because she does produce the right number, using the most direct 

calculations possible, only to "conclude" that- for some unexplained reason- 10.6 is 

not the secret number. Second, for the rationale to her choices o f subtractions (" 181 is 

bigger than 121 and 12 is bigger than 7"). However, it is difficult to see why she chose to 

divide 53 by 5, and not to perfonn some other operation. The numerical preference "divide 

the bigger by the smaller" cannot provide a justification for the choice of a division itself, 

and we are led to believe that she did have the insight of an underlying non-algebraic 

model, and she so expressed herself because she was not able to make the model explicit 

- even to herself. Another interesting aspect is that she never thought of tt·ying the 10.6 

she thus obtained to see if it "worked", saying instead that she would use a trial-and-error 

approach. 
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Elizabeth W, FM3 

Two of the remaining four OKCALC solutions (Fabiana M, AH7; Gareth A, 

FM2) do not provide us with information enough to decide whether they represent non­

symbolic solutions of an equation. Even if they are not, this is probably as close to it as we 

will get, once Gareth actually produces a standard equation (replacing "secret no." by "x") 

and Fabiana says "to know the difference between known numbers and between unknown 

numbers and divide them". Another possibility would be, as we have already seen, to 

reason in a manner similar to that described as possible non-algebraic solutions to the 

contextualised problems, only this time reasoning with the numbers themselves: 

"The amount of sccrel nos. lhat is takcn in cxccss from lhe lcfl-hand side musl 

be the diffcrencc betwcen 181 and 128", etc .. 

and this seems to be exactly the model used by Joe V (FM3) and Jacob B (FM3). 
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Gareth A, FM2 
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Joe V,FM3 
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Jacob B, FM3 

There were altogether 11 WEQT solutions. In three of them the original equation 

was correctly manipulated up to a point, and then the solution process was halted. In one 

case (Russell P, FM3) the difficulty carne when he reached the equation 

53 - (5 x s) = O (s) 

to conclude that s=53. It appears that the difficulty lied in perceiving that Os=O. 
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Russel P, FM3 

One student., Shelley S (FM2, script not shown), replaced "secret no." by "x" but 

failed to go any further. 

Jack D (FM3) tried to apply a scale-balance ana/ogy. It is interesting that he stopped 

(and crossed out his previous efforts) when he reached (through a sequence of mistaken 

steps) the equation 

53 - (5 X SNl) = o 

but it is equally interesting to observe that the use of such model produced two mistakes 

that are clearly associated with treating the problem using the scale-balance analogy: 

(i) the analogy treats the unknown number as the unknown weight of an object; 

although the minus sign is kept on the left-hand side, probably meaning "remova!", 

a "negative" amount of objects or "removing 7 objects from nothing" does not make 

sense in the Semantical Field of the scale-balance analogy. Thus, the minus sign is 

simply dropped. 

(ii) on the second step, he says "take off 7 from each side", where the correct 

algebraic strategy would be "add 7 [xSN] to each side" or at least- given the 

equation on which he was operating- "add 12 [xSN] to each side". That by 

using this incorrect strategy he produces the transfonnation 

53 - (12 X SNl) = (7 X s N 1) 

to 53 - (5 x SNl) = O 

is enough evidence that the subtractions were thoroughly ignored by being 

meaningless in this Semantical Field. 
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JackD,FM3 

There is an important point to be discussed here. The scale-balance analogy has 

been one of the most popular didactic artifacts used to teach the solution of linear equations. 

Let us analyse the use of such analogy to model equations of the form 

a + bx =c+ dx , abcd;<oO 

for various sets of conditions for the parameters a, b, c, d. 

• a>c, b<d, b and d positive integers (eg, 100 + lOx = 80 + 15x) 

On such cases, the analogy thoroughly applies; the plus sign is understood as 

conjoining, and thus there is a defini te correspondence between the "taking off 

weights" strategy on the scale-balance model and the "subtracting a quantity of 

x's" on the algebraic model, and also division corresponding to evaluating a 

sharing action. 

• a>c, b>d, b and d positive numbers (eg, 100 + 15x = 80 + lOx) 

On this case the analogy simply does not apply: it is not possible to put more 

objects on the side that is already heavier and make it balanced. Unless, of 

course, that the objects have negative weight, an impossibility within the 

Semantical Field of the scale-balance. 

• a>c, b<d, b and d positive non-integers (eg, .......................... . 

100 + 3.4x = 80 + 7.8x) 

The difficulties arising here beca use of the decimal numbers were analysed in 

depth when we discussed the Ticket and Driving problems. The meaning of 

"3.4 objects" is not at ali natural within the Semantical Field of the scale­

balance, and an extension that makes it meaningful is not easy to grasp. 

• a>c, b>d, b and d negative integers (eg, 100- 15x = 80- lOx) 

As analysed with Jack D's script. 
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It is not necessary to go any further. One obvious problem with the sca/e-balance 

ana/ogy is the limitation imposed on the coefficients o f the unknown and on the sign of the 

unknown itself. Certainly more important, the variety of strategies required to use this 

analogy across equations with different sets of conditions for the parameters is in clear 

contrast with the fairly reduced set of principies and strategies used with an algebraic 

model. As a consequence, the sca/e-balance analogy is inadequate not only for very 

quickly becoming a complex net of what ate in effect different models, but also for not 

fostering a frame of mind adequate for the development of an algebraic nwde of thinking. 

In the remaining 6 WEQT solutions, the errors ate always in the manipulation of 

the equations, as in Lilian P's (AH8) script. Those types of errors are well documented by 

reseatch and in teaching practice. 
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Lilian P, AH8 

The 27 WCALC attempts divide naturally in to two groups. In one of the groups 

(21 scripts), a subtraction 181-128 was always attempted. It is not possible to decide 

from the scripts whether those students were producing a first step in the solution of an 

equation of the type 

181 - 12x = 128 

temporatily putting away the -7x term, or just "taking away the smaller from the greater". 

In any case, it is clear that manipulating the unknown or even its coefficients in a 

meaningful way presented a much greater degree of difficulty. Some attempts proceeded by 

dividing 53- the result of the subtraction- by 12, which again appears to be the result 

of dealing with the incomplete equation above; some others multiplied 53 by 12 or by 7, 

clearly for not grasping the structure of the equation. Two students in this group (one of 

them Ian C, FM3) produced the subtraction 12· 7 but failed to use this information 

correctly, which again shows a lack of grasp of the structure of the equation. 
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Ian C, FM3 

Ali but one of the remaining students in the WCALC category seem to be merely 

attempting to produce a "sensible answer" by trying different combinations of operations 

with the numbers given. Alessandra S's (AH8) attempt, however, exhibits some intention 

to manipnlate numerical equalities but no sense of how to do it; it is interesting that she 

takes the 7=7 equality as signaling the end of the process, clearly of fmmal meaning only . 

. 1.~ J. -,.. -}. -::. I ê1/~. 4-, \ 
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Alessandra O, AH8 

The Seesaw 11-5 problem 

Only 5 out of 77 students presented with this problem correctly used an equation to 

solve the problem (OKEQT solutions); one of them had to be categorised as an incorrect 

answer once he simply erased his conect solution (which, of course, still remained 

visible). Those solutions do not provide much additional information on the solution of 

equations. However, in one script (Andrea M, AH8) we have a quite clear description of 

her process o f solution. 
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Andrea M, AH8 

(i) the brick' wcight is x ... 

(ii) and to fonn an equality we would havc to havc both weights cquivalcnt ... 

(iii) as this cquivalencc was givcn ... 

(i v) I only had to assemblc thc two subtmction sums. 

(v) thc rest is just the proccss of isolating x, doing the in verse operation. 

From considerations involving characteristics particular to the problem's context­

namely, that seesaws are balanced only when the weight on both sides are the same--she 

moves into a numerical-arithmetical context, and then solves the equation. This is, thus, an 

exemplary case of algebraic thinking "in action." 

The O KCALC solutions are roughly equally divided between two solving 

strategies: 

i) qualitative analysis of the situation, as we have already described at the beginning 

of the section on this group of problems (Tarek S, AH7, provides a clear written 

explanation) 

T:1rek S, AH7: "Throwing away 11 bricks from one side and 5 from the 

other, the difference becomes [cqual]to the differcnce in weight. Then, onc has 

only to divide the weight by tlw numbcr of the differcncc of bricks" 
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(ii) hypothetical manipulation of the context (Bridget S, FM3). This strategy is 

different from (i), as it actually transforms the problem into another one. The fact that the 

subtraction 11-5 still had to be performed is not as relevam here as the importance -in 

finding a solution - of the new image generated. 

'21'1-ISq : 2~ .:;-6 :::.4-1:::1 \ bric.k ::- 4-t!] 
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Bridget S, FM3 

In no solution a diagram like the one we provided with the comparison of wholes 

strategy was produced, and the fact that ali OKCALC solutions mention "weight" or 

"bricks" or both in association with the numbers produced strongly indicates that it was not 

used "in the background" either15. 

In ali WEQT attempts we could identify mistakes deriving from a very loose use of 

the algebraic notation. 

One student (Fabiola, AH7), first produced a syncopated translation o f the problem 

(left upper corner), that apparently served as the basis for writing the (correct) equation on 

the first line- using a box for the weight of a brick. She then replaces the two occurrences 

of the box with their coefficients, by x. The reason is not clear at ali, and this.is the step 

that produces the criticai mistake. This script is interesting for bringing together three 

different uses of notation: descriptive and both standard and non-standard algebraic and the 

urge to use x to make the expression on the first line into a recognisable equation is 

certainly related to the same aspects we discussed in relation to OKEQT solutions to 

15we want to emphasise that we havc alrcady commcnted on page ... on the distinction 
bctwcen "therc is in any case a whole-part structurc manipulation .. and "a comparison of 
wholes strategy is used". 
We think it would not bc an uscful approach hcrc, to consider that some form of abstract 
comparison of wholcs structure was "actually" uscd "in the background". The crucial 
distinction between the comparison of who/es strategy as we describcd it, and the two 
strategies used by the students, is that the problem is transposed to anothcr - in this case, 
more general - embodiment, onc whcrc thc notion of mcasurc is used in a different way. 
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SNl. Another good example of a descriptive use of literal notation is found in Mareei S 's 

(AH8) script, who also adds: "Reading and writing in mathematical form" (top, our 

emphasis) and "I forgot how to do it with 3 equations [sic]" (bottom)16,17. 
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Fabiola, AH7 

Mareei S, AH8 

Other mistaken solutions show a combination o f loose and incorrect use of notation 

with poor understanding of the elements and structure of the problem (Marina F, AH8). 

Marina F, AH8 

16Jn Portuguese, "tijolos" stands for "bricks". 
17 Although the cxpressions are clearly dcscriptive - for examplc, by thc use of t ("tijolos") 
for both amounts - lhe literal notation leads thc studcnt to scc them as equations. The 
usual Brazilian teaching practice puts much cmphasis on "doing with letters" on the one side 
and "algebra" and "cquations .. on the othcr. 
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Many of the WCALC solutions (9 out of 16) are contextwise homogeneous, ie, 

the calculations produced always involve pairs of numbers that measure the same kind of 

thing (eg, weight). Those solutions were either incomplete (simply subtracted the smaller 

weight from the greater), considered that the difference in weight had to be shared between 

the total number of bricks involved (Clare B, FM3, a script that illustrates well 

contextwise homogeneous solutions), or considered that the total weight had to be 

shared between the total number of bricks. Of the remaining WCALC solutions, three 

used the representation 

189 - 5 ::;: 273 - 11 
which seems to be a mere (incomplete) syncopation of the problem's statement. In two of 

the cases it resulted in the focus of solution being totally diverted to the calculations 

involved, with no regard for the structure of the problem (Ana F, AHS). The other student 

did not go any further, and this suggests that she kept the awareness that it was only an 

incomplete syncopation. 
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Clare B, FM3 

<.::,= ~ E)Cj - s 
:s ""Q-:r.o·-1) 

AnaF,AHS 

ó .= ! f '-1 
J:: .QioD-

é)(p~-184 =~g 

-:r f' /_i;l. 

Yt 

The only aspect of interest on T &E solutions, is that none of the students actually 

wrote down numerical-arithmetical expressions involving the variable to be tested that 

would serve as a template for testing the "guesses". As we said before, T &E solutions are 

in a sense closer to algebraic solutions than non-algebraic solutions, both because the 
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original problem is transformed into a numerical-arithmetical one and because the notion of 

variable is involved, even if in a rudimentary form; nevertheless, the lack of a 

representation of the template makes it difficult for the students to go beyond the trial-and­

error process and to perceive the numerical-arithmetical equality as an object that could be 

directly manipulated to produce the required numberiB. That those students in our study 

had the template represented in some internai form, is out of doubt; Sanjay (FM3) actually 

writes down an "algebraic" version of the template to illustrate the condition that his guess 

would have to satisfy, and immediately substitutes a value to show it is the correct answer. 

The fact that both the template and the "confirmation" calculations have in fact the 

subtractions inverted - but to produce correct results - shows the extent to which the 

notation is merely descriptive. 

fq,h bric,Jc wei~hs 
~~ q,st,'mdt,;,' a 
~ Cll/wJaton 
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The Seesaw 4x problem 

--

f.v..,c( onswer 

bridc 4-

Sanjay, FM3 

The OKEQT solutions to the E4x problem do not add much to what we have 

already said about OKEQT solutions in the analysis of the previous two problems in this 

group. One aspect only is worth mention, that of the three OKEQT solutions coming 

from English groups, in only one the use of symbolism is totally standard19. The other two 

solutions use algebraic notation in much less standard ways. Sukhpal (FM3) uses an extra 

- descriptive- x to reaffirm to herself that both sides will come to a same total, while 

Keith W (FM3) keeps the multiplication sign with thc coefficients of the unknown and 

mixes !ines with an equation with !ines with numerical calculations only; his solution does 

18In a study by C. Kicran (mcntioned in Kieran, 1988), "thosc [pupils] who preferrcd 
substitution vicwcd thc lettcr in an equation as rcprcscnting a number in a balanccd cquality 
rclationship; those who prcferred invcrsing vicwcd thc ICLter as having no mcaníng until its 
v alue was found by mcans of certa in transposing operations." 

l9 Actually, this studcnt was a visitor from Bulgaria, whcre, judging by thc tradition of thc 
pedagogy of Eastern Europe countrics, much attention is paid to the formal aspcct of 
algebraic symbolism. 
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not reach a formal end, and one has to assume its correctness from the encircled 3 x 28 = 
84 expression at the bottom. 

Sukhpal FM3 

~s 
(---···~ 

Keith W, FM3 

Ali WEQT solutions come from Brazilian students, and there is always an initial 

mistake in setting the equation. The one worth noting ís Celía R 's (AH7), because her main 

mistake (reversing the written form of the subtractions) is also seen on purely arithmetical 

contexts2o. 

20Jn this case, x-189 could be rcprcscnting "takc x from (-] 189", a literal, 
non-mathematical translation of thc textual structurc of thc problcm. From this and othcr 
examplcs, onc should bc awarc that thc using thc notion of translation to dcscribe thc 
proccss of transforming a contcxtualiscd problcm into a numcrical-arithmetical cquations 
might be a didactic mistakc, as much as it involvcs the falsc notion that "it. is thc samc 
thing, only said in a differcnt language". Of coursc, thc notion that "algebra is a language", 
ítsclf mistaken, is in tbc root of such mislcading statcmcnt. 
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Celia R, AH7 · 

Significantly, only two OKCALC solution (out of 77 scripts) were produced, 

confirrning our prediction that establishing a unit that could be manipulated as a part 

would be a major difficulty for students not using an algebraic model. The two scripts 

show only the calculations, and present no verbal explanation of the process of establishing 

the unit. 

WCALC solutions provide an even stronger confinnation of our prediction. 20 out 

of24 WCALC attempts simply ignored that there was 1 part (Sam's) to be considered. In 

9 of those solutions the students gave the difference between the weights as the answer 

(James O, FM2) and in 10 of them the 4 is used to divide or share the difference between 

the weights (Helen C, FM2). Four students did considered Sam's one part, but in three of 

those cases they also considered that the amount to be shared into 5 was the total weight, 

and not the difference (Fabio P, AH7). It seems that because they were thinking of total 

weight the total amount put away had to be considered, and this led them to the 5 

divisor. 

James O, FM2 
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HelenC,FM2 

Fabio P,AH7 

"With lhe difference bc1ween lhe lwo, I took how many times lhey look away 

and dividcd by lhe differcnce [sic] and the result [is] how much Samuel took 

away and for Jorge multiply by four." 

It is clear that the E4x statement did not easily provide parts which can be 

manipulated for the weights wasted by Sam and by George, and the fact that this caused 

major difficnlties for those students strongly suggests that the models they were using 

depended heavily on that kind of object. 

The Sale 11-5 problem 

One characteristic aspect of the algebraic method appears in three of the OKEQT 

solutions to this problem, the introduction of an auxiliary unknown, as in Mateus C's 

(AH8) solution. The y he used to represent the amount of money left is not an essential 

element of the problem, once it can be totally avoided by the immediate use of the equality. 

Mateus's solution does not deal directly with this auxiliary unknown; rather, it plays a more 

descriptive role, although being clearly seen as a number (by belonging to the numerical­

arithmetical context of the expressions). Whether he saw the two expressions on the left 

hand si de of the two equalities as representing "calculations" oras true "complex" algebraic 
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objects, one cannot infer from the script alone, but the notation certainly provides an 

environment where the Jatter is made easier. 

s~11·:C 
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Mateus C,AH8 
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On the other two solutions that employed an auxiliary unknown (again a y), the 

algebraic processing included its direct manipulation (Tathy G, AH8; Silvio S, AH8), once 

the two equations were primarily seen as a set of equations in two unknowns; Tathy says: 

"I did a system ofthe 1st degree [=linear]". Although not being the simplest solution­

from the technical point~of-view- their approach shows exactly the internalism that is 

characteristic of algebraic thinking: the quantity represented by y was not required in the 

problem to be evaluated nor necessary to the continuation of the solution, and that those 

students were aware of that can be seen on the fact that they did not substitute the x back to 

determine y". Their solutions are quite characteristic examples of thinking algebraically. 

V _ 0j0o ---') 5 e 
J ~ ~~ ~ oo~J --~) ~ ~ o 

G '\o o -
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Silvio S, AH8 

One WEQT solution is of interest. Sergio P (AH7) writes down an equation that 

does not model the problem correctly, clearly for not understanding the problem's 

statement; he never bothered with the fact that x representing the price of a T-shirt, it would 

not be possible to begin with less money, to "add" less T-shirts and to end up with the 

same amount of money as the other person that had begun with more money and "added" 

more T -shirts. Then- and this makes the previous "disregard for the context" even more 

striking - he wrongly manipulates the equations (between the third and fourth !ines) to 

produce a value for x that is positive, once he knows it represem.\· a price and thus has to be 

a positíve number. 

JfVOf54L .. ::: /2&00 t1//JL 
12ooo -6 foo 

+ 5t/oo 
310(} J 6 ::: 8 ó o 

Sergio P, AH7 

On the previous subsection (Seesaw 4x problems), we pointed out the 

importance o f having a representation o f the T & E temp/ates in order to foster the process 

of transforming them into objects. Kelly L's (FM3) script shows, however, that there is a 

significant difference between the two types of representation, once the equation form 

might not convcy the order of operations- as it indeed does not in the type of problem we 

are examining. Obviously, this problem can be overcome if the student has a good grasp of 

the process of evaluating numerical expressions. 
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Of ali OKCALC solutions to this problem, only one does not correspond to the 

scheme "the extra money Sandra had corresponds to the extra Lp's she bought, etc." 

(David W, FM3). Esther F (FM3) instead, reasoned in a manner similar to the "if George 

throws away 6 bricks and Sam does no throw away any ... " described on the Seesaw 11· 

5 problem subsection. That only one solution employed such reasoning with All-5 

problems, while a significant number of them appeared with Ell-5 problems, suggests 

that "objects" of the context of the problem become in fact objects in the model used to 

solve the problems, as the "balancing process" property is immediately associated with the 

Seesaw context but not with the Sale situation2I. 

David W, FM3 

21This "balancing proccss" propcrty consists in the possibility of a gradual qualitative 
change in the balance state of thc situation: the two sides of the seesaw being more or less 
ncar a balanccd statc or thc difference bctwcen the rnoney the two friends have being 
grcatcr or smaller. ' 
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. 

Esther F, FM3 

Seven of the WCALC solutions take us in the same direction. In those solutions 

(eg, Shelley S, FM2) the students treat the problem as if both friends had spent alltheir 

money, and try to divide Sandra's money by the number ofLp's she bought and the same 

for Maggie to see if both divisions come to the same result. This type of solution did not 

appear on any Seesaw 11-5 problems, most probably because it is quite obvious that the 

two friends will still be sitting on the seesaw when it is balanced, and this means that not all 

the weight will have been thrown away. 
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Shelley S, FM2 

Of the remaining WCALC solutions, in four of them the total money is divided 

by the total number of Lp's- a strategy similar to dividing each friends' money by the 

number of Lp's she bought, but avoiding the possibility of having different priced Lp's for 

each friend- and the rest are attempts to produce a sensible answer from the numbers 

involved, some o f them not ve1y clear at ali. 

The Sale 4x problem 

The most remarkable fact in relation to the solutions to this problem is that there is 

only one OKCALC solution (Keith W, FM3) out of a total of 82 students attempting it. 
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Keith 's solution is unique in that h e divided by 3 not because he modelled the problem with 

"llot, 4lots" and concluded that "there is 3 lots more to Sandra", as one would expect, but 

instead he saw that Sandra would have to spend the difference between them (so they 

would be equal) and also some more money to allow for Maggie's expenditure; this means 

that the difference consists of three parts that will make four together with the extra part, 

that Maggie also gets. 
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Keith W, FM3 

This finding shows that it was very difficult, if not impossible for those students to 

establish the necessary unit that would allow them to use the "1 part, 4 parts" strategy; the 

same situation was found with Seesaw 4x problems, indicating the extent to which non­

algebraic solutions depended on the existence of parts and wholes which can be 

manipulated. 

The mistakes found on WCALC solutions to this problem represem mainly two 

aspects: 

(i) not considering at ali the relationship between what each of the two friends 

spent, thus focusing only on the difference between what they initially had (Joanna J, 

FM2), 
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Joanna J, FM2 
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(ii) ignoring the fact that Maggie also spent one "lot" and dealing only with the 4 

parts of Sandra (William C, AH7). 

12000 
- b900 
~v 

' J 

William C, AH7 

"Sandra spent 5100 more than Vitoria" and at the bottom Jine, "Attempt" 

(meaning probably that he was not sure o f his solution) 

As it had happened with Sale 11-5 problems, there were a nnmber of attempts to 

divide the total money by the total number of parts (Brian H, FM3), this being again 

a consequence o f the possibility of the .friends having spent ali their money; only this time 

those attempts use only divisions by 4, for the reasons explained above. In only two cases 

a division of one o f the friends' money by 5 was used, in both cases taking the bigger 

initial amount (Sandra's). It might be that those students interpreted the "4 times as much" 

statement as meaning "4 parts more than" and this produced the need to consider one extra 

part. 
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Brian H,FM3 

One of the OKEQT scripts (Fabiana M,AH7) provides an important insight on 

how the ability to solve "algebraic word problems" in general can benefit from the ability to 

think algebraically, and we do not mean, of course, the possibility of developing 

"automatic" solution procedures. In Fabiana's script it is immediately clear that she thought 

first of ali of the existence of an unknown quantity - most probably a habit developed 

through the use of equations; we h ave already seen that in a problem like the [ 4x] problems 

this comes to be an essential step to reach a correct solution. Although the availability of a 

special notation certainly promotes a better grasp of that notion (Fabiana: " .. .I thought of an 

unknown (x) ... "), we must keep in mind that it is the analytical character of the algebraic 

method that produces the need to make the unknown into an object. 
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Fabiana M, AH7: "Thc problcm wants to know how much V and S spcnt, 

thus I thought of an unknown (x). Thc problcm also givcs an information: S 

spent 4 x more than V. Thcn I rcmcmbered the scntcncc that I lcarned in 

gcomctry and algebra. 1t U1en became casy." 
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Four of the WEQT solutions reproduce in the wrong setting o f the equations, some 

of the mistakes we observed with WCALC solutions. Fernando C (AH8), for exnmple, 

equalises the total number o f parts to the total money, and correctly solves the 

equation and Sidnei A (AH7) attributes 5 parts to Sandra (the "1 and 4" mistake we 

discussed 3 paragraphs above ). 

Fernando C, AH8 

X"\- 4::x.. c:: I ?o~ 
~X. .. \?.006 

I ? 00 t> i_5" .-:H ,.;_ 
20 l.'-!0.0 

Sidnei A, AH7 

One has to be amazed by Luis N's (AH7) attempt, as he writes on the first line 

6500 = X 

without immediately concluding that the solution to had been found. We think that he had 

in fact structured the problem by attributing one part to Vitoria's total money and 4 pmts to 

Sandra's total money, as some students did with the Sale 11-5 problem, and that the 

algebraic notation was not being seen by him-at that point-as representing true equations 

to be solved. He then seems to move away from this initial interprctation and "solves" the 

second equation, and that is when he realizes that the two values for x do not agree, and 

something must be wrong. 
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Luis N, AH7 

This shift of interpretation, so dramatically illustrated by this script, is certainly at 

the core of using algebra to solve contextualised problems; the equation is set by 

transforming series of calculations- analogically associated with the problem's "story" or 

context - into arithmetical expressions22, and then those expressions are linked by 

equalities -again, analogically associated with the context. It is only then that it is treated 

internally, as an equation, and this shift, by marking the transition to a different Semantical 

Field marks also the passage to a distinct mode ofthinking. 

SUMMAR Y OF FINDINGS AND CONCLUSION 

An aspect of the non-algebraic models used by the students emerged clearly from 

the analysis of this group of scripts; their synthetical nature, with the process of solution 

always proceeding from the known values to the required unknown one through a series of 

evaluations. The few exceptions would be those solutions to Ell-5 where there is a 

hypothetical manipulation of the situation that leads to the "only 6 bricks need to be 

removed from George's side and none from Sam's side" su·ucture. 

Another conclusion to be drawn from the analysis of this group of answers is that 

many students did not see numerical-arithmetical expressions and equalities as objects that 

could be manipulated on themselves to produce further useful infotmation in the process of 

solving the problem. This aspect was particularly crucial in relation to the SNl problem, 

that is, as we saw, very difficult to be modelled into a geometrical or comparison of 

wholes model, and thus the inability to see numerical-arithmetical expressions as 

informative led to very low facility leveis among the English students. That those same 

students did significantly better on the contextualised problems, shows that the non­

algebraic methods used by them is based to a great extent in the perception ofparts which 

can be manipulated, and that the choice of arithmetical operations to be performed is almost 

completely dependent on the manipulation of non-numerical objects; the numbers in the 

22At this stage thosc cxpressions are in fact arithmetical, oncc the unknown numbcrs are 
treated as if thcy wcrc known, as wc havc alrcady scen, and they are scen as calculations to 
be carried out. ' 
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problems were rather seen as measures. The greater difficulty with [4x] problems, in 

comparison with [ 11-5] problems also provides a clear support to this conclusion. To put it 

in terms of our framework, those students that failed to solve lhe SNI problem 

but co11ld handle lhe context11alised problems were 11nable to operate within 

the Semantical Field of n11mbers and arithmetical operations. Moreover, it was 

difficult for many students- probably most of those not using ao algebraic approach­

to move away from the Semantical Field where the problems were originally set, eg, to 

model a contextualised problem with a comparison of wholes model. They kept strongly 

attached to the original "icons" provided with the problems' statements and consequently 

limited their perception of the problems' structures to what is more ordinarily associated 

with those contexts. 

Moreover, the non-algebraic solutions, correct or not, were characterised by their 

contextwise homogeneity in relation to addition and subtraction of measures. This is ao 

important aspect for two reasons. First, because it points out to a possible important source 

of information used by those students on what can or has to be done to solve a given 

problem. Second, because if this is indeed a deeply rooted informative pointer in a person's 

problem solving schemes, it would certainly be difficult to operate on a Numerical 

Semantica/ Field, where such pointers are truly meaningless. As a consequence, it might be 

that teaching "intuitive", "contextualised" or "localised" strategies for solving algebra word 

problems builds in fact a huge obstacle to be overcome when the "algebra time" arrives, 

and this suggests that ao early start with the algebraic approach might be of great help to 

reduce the difficulties with the Jearning of algebra, not because of the "extra time to 

practice", but because of the earlier development of a degree of independence from such 

pointers23. 

Still in relation to the influence of schooling in the development of ao algebraic 

mode of thinking, we found it very significant that the "default" approach for Brazilian 7th 

graders was non-algcbraic- although they were able to use ao algebraic one- while for 

the 8th graders the "default" approach was ao algebraic one ; that the same was 

not found in relation to the corresponding English groups, and that a considerable similarity 

of ages existed, strongly suggests that the development of algebraic thinking is a process 

23Qbviously, those pointcrs are not useless in all situations, and thcy may even bc of great 
help when onc is trying to make sensc of thc rclationships involvcd in a more complcx task 
or problcm. What wc imply hcre, is that both "homogencity bound" and "not-homogcneity 
bound" strategics should be madc available and equally devcloped. Once much of evcryday 
activity is indced "homogencity bound", wc suggcst that schooling could avoid the 
development of a too strong primacy - cvcntually a pernicious one - by offering an early 
altcrnative way of thinking. 
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much more akin to cultural processes than to age-related stages of intellectual 

development. 

The analysis o f the scripts for this group of questions threw much light on different 

uses of algebraic notation and on possible consequences of resorting to the notion that 

setting up an equation to model a problem is a translation process. Students used letters 

both in a truly algebraic way - to denote numbers - and in syncopated forros of the 

verbal statement. The Iatter use caused two types of difficulty: 

(i) as letters were used as an abbreviation of the verbal text, and there was a context 

to support this usage, different quantities- different at least in principie- ended up being 

represented by the same Jetter; also, this usage sometimes introduced new "unknowns" (as, 

for example the individual weights of each friend on the seesaw); 

(ii) as one "describes" a sequence of things happening, no care has to be taken to 

match the order of the verbal syncopation with the conventions of numerical-arithmetical 

expressions - which are not necessarily useful if one is simply trying to make the 

statement more comprehensible by breaking and syncopating it, and both conventions are 

very distinct in most cases. Also, the objects involved are not numbers, but objects of the 

context (as we said, numbers are seen as measures and operators), and one should 

reasonably expect the subject to manipulate the Ietters- in fact icons of those objects­

according to the properties he or she sees as relating to the objects those icons refer to; 

there is no shift of referential, no passage to another Semantical Field. 

It seems, on the other hand, that the use of standard algebraic notation-instead of 

more iconic fonns like boxes and question marks-might be of use to promote a more 

immediate transformation of a contextualised problem into an algebraic one, for 

example through the association between "x" and "the unknown", one immediate 

advantage being, as we saw with the [4x] problems, to make easier to overcome the 

difficulty of having to establish units that do not correspond to objects of the context. 

Another important aspect to emerge from the algebraic solutions offered, is that we 

could distinguish leveis of sophistication in the processing of the algebraic models used to 

model the problems. The introduction of auxiliary unknowns, the use or not of "standard 

forms" of equations in the process of solution, a more or Iess restricted use of negative 

numbers, "one step-one line" solutions and more flexible ones, and above ali, some 
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solutions that treated the equation as a whole (eg, multiplying a whole equation by -1)24, 

instead of the more limited perception of thinking only in terms of "chunks" (eg, breaking 

the equation down into 273, -llx, =, 181, -5x, and seeing those as the blocks to be dealt 

with). In all cases, however, the same basic characteristics that our theoretical 

characterisation of algebraic thinking established can be identified: internalism, 

arithmeticism, and analiticity. 

4.4 CARPENTER-CHOCOLATE-SETS OF EQUATIONS PROBLEMS 

THE PROBLEMS 

Iam thinking o f two secret numbers. 
I will only teU you lhat ... 

(first no.) + (second no.) = 185 
and 

(firsl no.) · (second no.) = 47 

Now, which are lhe secret numbers1 
(Explaln how you solved the problem out and why you did it ~~~~~~~---·---

Sets 1-1 

Iam lhinking of two secret numbers. 
I will only tell you that.. 

(first no.) + (3 x secand no.) :::: 185 

""' (first no.) • (3 x second no.) = 47 

Now, which are the secret numbers? 
(Explain how you solved the problem and why you did it that way) 

Sets 1-3 

24or course this corresponds formally 
we are dealing here with the perception 
with a strict formal justification. 

to mulliplying each side of the equation by -1, but 
of algcbraic objects and their properties, and not 
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At lhe right you have a sketch of 
wooden blocks. 

A long block and a shon block 
measure 162 em altogelher. 

A short blocks measurts 28 c:m 
less than a long block. 

What is lhe lenght o f eac:h individual block? 
(Explain how you solved lhe problem and why you did it lhat way) 

At lhe right you havc a sketch of 
wooden bloclts. 

A long block put together with 
two of the short blocks measure 162 em 
allogether. 

lf two shon blocks are put 
together, they still measure 28 em less 
than a long block. 

Carp 1-1 

What is lhe lenght of each individual block? 
(Explain how you solved the problem and why you did it that way) 

Carpl-2 

At Cclia's shop you can buy boxes o f chocolate bars o r you can buy spare bars 
as weU. 

A box and three spare hars cost !8.85. 
A box with three bars missing cost !:5.31 

What is the pricc of a box of chocolate bars in Celia's shop? What is the price 
of a single bar? 

{Explain how you solved the problem and why you dit it that way) 

C hoc 

GENERAL DESCRIPTION 

This group of problems was developed wi th the objective of: 

(i) examining students' strategies to solve "secret number" problems involving two 

secret numbers and to compare those strategies with the ones used with the corresponding 
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contextualised problems; each of the secret number problems in this group corresponds to 

one or two contextualised problems and the relationship between the models employed on a 

secret number problem and its correspondent contextualised problem(s) will be closely 

examined. Both secret number problems were set in a normal form of sets of simultaneous 

equations, given in a syncopated, rather than literal, notation; the use of symbols for 

arithmetical operations and for equality - as opposed to the traditional verbal 

forrnulation25- was intended to keep the problem as close as possible to the Numerical 

Semantic Field and to allow us to examine to what extent those numerical-arithmetical 

statements made sense to the students. 

(ii) examining the effects of an increase in the structural complexity of a problem in 

the strategies used; 

As we will show, it was easier with this group o f problems than with the previous 

ones to distinguish algebraic and non-algebraic thinking even in the context of a solution 

using algebraic symbolism to describe and control a non-algebraic process, once the 

students were more generous with the explanations provided with their answers , and those 

explanations were in general of a much better quality, this being particularly true for the 

contextualised problems. 

DJSCUSSION OF POSSJBLE SOLUTIONS 

Chocolate Box problem (Choc) 

This problem seems to inevitably in volve two unknowns. 

An algebraic model is 

{ 
X + 3y = 8.85 
x-3y=5.51 

where x is the price of a box of chocolate bars and y is the price of a single bar. The most 

likely solution to this set of equations is to add the two equations to produce 

2x = 14.36 
and to solve it from there. 

25 Eg, "I am thinking of two numbcrs. If I add thc two of thcm the result is ... ," and so on. 
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Two non-algebraic models seem possible here: 

(i) "The first box has 6 bars more than the second, so, if I work out the difference 

between the two values [8.85 and 5.51] I will have the price of6 bars", etc. 

(ii) "/f I put together the two boxes [the one with extra bars and the one with bars 

missing] the three extra bars on the first box can be transferred to the second box, making 

two complete boxes. So, if I add the two prices I will have the price of two boxes", etc. 

It is central that with the non-algebraic models, the choice of operations to perform 

is totally subordinated to the manipulation o f the image o f the boxes and the bars. Also, on 

those models one thinks of two boxes and three bars and not of the price of a box 

and the price of a bar used iu different places. Moreover, the divisions that would 

follow (by 6 or by 2, respectively) would certainly be a way of evaluating the sharing of 

an amount of money into the corresponding number of parts. 

Another possible analogical reasoning would be, 

(iii) "/fone box with 3 bars missing cost 5.51, then a box costs 5.51 p/us 3 bars" 

and proceed to "then, 5.51 plus 3 bars with the extra 3 bars cost 8.85", etc .. This 

reasoning could both produce a direct solution, through the manipulation of the whole-part 

relationship, or lead to the single equation 

(5.51 + 3y) + 3y = 8.85 

This approach is substantially different from both (i) and (ii), as the meaning of the 

"plus" in "5.51 plus 3 bars" can only be understood in the context of prices ("3 bars" ~ 

"the price of three bars", while in (i) and (ii) "bars" stand for bars, as we saw. If one writes 

1 box - 3 bars = 5.51 

the "=" sign reads "cost" and means that the object on the left is labelled with the price 

5.51. On the other hand, if one writes 

1 box = 5.51 + 3 bars 

the equality has to be interpreted as meaning an equality between prices, if not pure 

numbers. Reading the "=" sign as "costs" produces a somewhat puzzling phrase, very 

similar to the one in the well-known riddle "a fish's weight is 10 pounds plus half a 

fish ... ". 

If the shift in lhe interpretation of the equal sign in the two written sentences can 

be made bearable by the ambiguous use of the equal sign, ít corresponds in fact to a change 

in the type of relationship that is being considered, and ít seems to offer a substantial 

obstacle to be overcome within the Semantical Field of chocolate boxes and bars in which 

the problem is set, and one has to remember that it is within this Semantical Field thatthe 
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manipulation producing "1 box = 5.51 + 3 bars" from "a box with 3 bars missing costs 

5.51" would have to happen, ie, the manipulation would have to occur bejore the sentence 

being written. 

The substitution of the resulting sentence into the first line of the problem's 

statement, to produce "(5.51 + 3 bars) + 3 bars = 8.85" would also be problematic, as the 

substitution of the "actual" box by its price would require a strong shift in the 

understanding of the original statement (with the added difficulty that the price replacing the 

object is stated in terms of another object's price). 

The importance of analysing possibility (iii) in some detail is that within the 

Semantic Field of nwnbers and arithmetical operations the manipulation 

{
X + 3y = 8.85 
x-3y=5.51 

X • 3y = 5.51 => X = 5.51 + 3y 

. . (5.51 + 3y) + 3y = 8.85 

presents none of the difficulties discussed above, which is a clear indication that (a) within 

the Semantic Field of the chocolate boxes and bars the objects one deals with are 

completely distinct from those one deals with within the Semantic Field of numbers and 

arithmetical operations- and thus the types o f relationship involved and the requirements 

on a notational system- and (b) arithmetical internalism, a most central characteristic of 

thinking algebraically, allows one to opera te continuously without having to consider shifts 

such as those we have just discussed. We have here a very fine example of the fact that a 

compact notation is possible if one is thinking algebraically, exactly because of the 

homogeneity produced by the arithmetical internalism. 

Solutions (i) and (ii) above, rc'semble very much the strategy of adding or 

subtracting the two equations in a set of equations. Nevertheless there is a fundamental 

difference between the two processes. In solution (i) the full boxes are thoroughly ignored, 

and the conclusion that the first box has six bars more than the second box comes from a 

"counting up"26 strategy, rather than from "subtracting" the second line from the first, once 

it is obvious that the "taking away" meaning of the subtraction would make no sense in this 

situation beca use o f the need to "take away what is already missing". In solution (ii), what 

is done in fact is a transfer of the three extra bars in the first box to fi li u p the second box; 

26Evaluated, of course, with an addition. The full box works, in fact, as a form of "zero 
levei." 
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the extra bars in the first box are never operated with the missing bars in the second box. 

Finally, in the additive solution of the set of equations -3y is numerically added to 3y 

and the terms cancel each other out because the result is zero. Similarly for subtracting the 

second line from the first. The point to be made here is that although solution (ii) "written" 

using algebraic notation is actually indistinguishable from a true algebraic additive solution 

of a set of equations modelling the problem, the two solutions are essentially distinct, each 

one being the resnlt of operating within a different Semanric Field. 

Camenter 1-1 problem (Carpl-1) 

Two algebraic models seem more likely to be used to model this problem. One is 

the set of equations (L stands for the length of the longer block, S for the length of the 

shoner block) 

and the other is the single equation 

{ 
L + S = 162 
L ::: S + 28 

(S + 28) + S = 162 
It is obvious that by a substitution, one will arrive from the set of equations at the 

same single equation, but by separating the two models we want to emphasise that the 

substitution can be made within the Semantic Field of numbers and arithmetical operations 

(from the set of equations to the single equation) or within the Semantic Field of the 

Wooden Blocks (the longer block being represented as a short block with an extra bit 

added to it). It is clear that in the latter case the "+" sign means "conjoining" and not the 

arithmetical operation. 

From the results obtained on the exploratory study we expected non-algebraic 

solutions to this problem to be of one of two types27 (figure CCS 1, for (i), a similar 

diagram for (ii)): 

(i) "if I cut 28 out of the longer block I will have 2 equal f short] blocks, so if I take 

28 from the total, I will be left with the length of two short blocks ... ," etc. 

(ii) "/ cut the total in two, take away 14 from one half and add it to the other half, 

thus making the difference 28." 

27The original problem in thc Exploratory lnvcstigation had a slightly different form from 
tliis one, but we still expectcd thc solutions tp follow the samc pattcm. 
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A long block and a short block 

The extra 28cm bitthatthc long block has 

Thc extra bit is removcd 

Thc rcmaing block is cut in two halves 

The extra bit is put back into onc of the halves 

fig. ccs 1 

Again, in those non-algebraic solutions the choice of operations to be used would 

be totally guided by the manipulation of the objects of the context, eg, a subtraction to 

evaluate how much is left after a bit 28cm long is cut from the total. 

From a script containing only equation(s) without any other explanation, it would 

be virtually impossible to distinguish solution (i) above from an algebraic solution using a 

single equation. 

Carpenter 1-2 problem (Carp1-2) 

As for the Carpenter 1-1 problem, the two likely algebraic models would be a set of 

equations 

or a single equation 

{ 
L + 2S = 162 
L = 2S + 28 

(2S + 28) + 2S = 162 

Also, the same non-algebraic procedures could be used, with the additional step of 

"slicing" the shorter block in Carpl-1 into the two required smaller blocks. The additional 
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difficulty that appears in Carpl-2 is that non-algebraic solutions similar to those presented 

a few paragraphs above for Carp 1-1 would have to deal with the "complex" object "two 

short bars" replacing the "short bar" in Carpl-1. 

Secret Number problems CSetsl-1 and Setsl-3) 

and 

Those two problems could be represented by the sets of equations 

{ 
X + y = 185 
X • y ::: 47 

{ : ~ 3y = 
3y = 

185 
47 

presented in a more "syncopated" form. 

The standard algebraic solutions would be: 

(i) adding the two equations and solving the resulting equation for x, etc., and 

(ii) isolating one of the variables from one of the equations and substituting in the 

other, etc .. 

As with the SNI problem in SSE, non-algebraic solutions to those problems 

would involve modelling the problem's statement into a non-numerical Semantíc Field, for 

example for Setsl-1: 

"Aitogelher lhey are 185, and lhe second number is 47 less lhan lhe firsl one. 

So, if I take 47 from lhe 185 it is like having two of the second numbcrs ... ," 

etc. 

which of course corresponds to a structure similar to the one depicted on figure CCS 1. 

The specific model described above involves the additional difficulty of interpreting 

(first secret no) • (second secret no) = 47 

as meaning 

(first secret no) = (second secret no) + 47 

Seen within the Semantical Field o f numbers and aríthmetical operations, it is a 

simple equivalence, but when seen as a transformation of whole-part relationships -

where the subtraction means "remova!" and the addition means "conjoining" - the 

equivalence is not as direct as before, because each expression involve a subtle but 
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significantly different representation; the main difference would be that on the first 

expression the difference is the result (or final state) of an action, while on the second 

expression it is either the initial state or first operand, or the operator parameter or second 

operand, depending on which model is used. As we will see in the analysis of the problems 

in the Buckets group of problems, students can easily produce the transformation 

x + a :::: b => x = b - a 

in the context of a secret number problem if a and b are known and b>a, which suggests 

that this difficulty is strongly linked to the fact that the required transformation does not 

produce or permit any evaluation. 

GENERALDATAANALYSIS 

The petformance of the Brazilian group AH7 is much superior than that of the age­

corresponding English group, FM2, and in fact it is comparable to that of the older FM3 

group. In relation to the last group of problems, we saw that FM2 performed better than 

AH7 on the contextualised [11-5] problems, where the context objects were more readily 

available and performed worse on [4x] problems, where the meaningfulness of an 

arithmetical relationship (derived from the I to 4 ratio) was shown to be a crucial factor in 

successfully solving those problems. Here this should not be a relevant factor, because all 

the parts and relationships in the three contextualised problems are explicitly given and only 

conjoining, taking away and sharing are sufficient to model these problems 

non-algebraically. 

Another interesting aspect of AH7 students' petformance is that their approach is 

clearly non-algebraic on the contextualised problems (which can be seen on both correct 

and incoiTect answers), but on the Sets problems the preferential approach shifts to an 

algebraic one, a feature more clearly seen on the choice of strategies used in incoiTect 

solutions (for the contextualised problems, all the incorrect solutions are WCALC; for 

Sysl-1 the incorrect solutions are almost equally divided between WCALC and WEQT, 

and for Sysl-3 most of them are WEQT). This behaviour corresponds well to a similar 

behaviour observed on the SSE group problems, and it suggests that those AH7 students 

had a more selective approach to the choice of strategies than the students on the AHS 

group. 
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That almost no OKCALC solution for the sets of equations appeared, offers 

further support to our conclusion that it was extremely hard for those students to model­

back the numerical-arithmetical statements into a non-numerical Semantical Field, as we 

had obsetved with the Secret Number problem on the Seesaw-Sale group. Although the 

complexity of the problems' statement is certainly an issue here, we think that it is not a 

crucial one, once the facility levei for the contextualised problems is significantly higher 

than on the Sets problems on AH7 and on FM3, showing that they could to some extent 

cope with the complexity offered by those problems. We think that two factors have to be 

taken into consideration. First, the difficulty in extracting information from the numerical­

arithmetical relationships on what can and should be done to solve those problems, ie, the 

lack o f meaning o f those expressions, which would indicate that those students could not 

operate on a Semantical Field where those expressions were numerically meaningful by 

themselves. Second, the fact that "the first number" was greater than the "second number" 

or "three times the second number" was expressed by a subtraction, and our results suggest 

that a non-numerical interpretation of such a subtraction is much harder than a non­

numetical interpretation of addition in the context of comparing measures. 

Two points arise the from analysis of the use of equations and sets of simultaneous 

equations by students on AH8 to solve the contextualised problems28: 

(i) on Choc ali OKEQT solutions (47%) used sets of equations. The form in 

which Choc was introduced, with two "conditions" or "statements" clearly 

distinguishable, two unknowns clearly distinguishable, and a visual presentation strongly 

resembling sets of equations (eg, the two conditions written on bellow the other) strongly 

suggested the "sets of equations" approach, at the same time it discouraged the direct 

modelling into one single equation; in fact 12% of those OKEQT solutions to Choc 

proceeded from the set of equations by a substitution, but this procedure was never used 

before the statement had been represented in algebraic notation. This shows that what was 

not seen as meaningful in the Semantical Field of the chocolate boxes became visible in 

the Numerical Semantical Field (as we had indicated in the analysis of possible models). 

(ii) the greater complexity of the conditions in Carpl-2 made a direct 

non-algebraic substitution leading to a model with a single equation much more difficult; as 

a result, the separate representation of the two relationships usually preceded their 

manipulation. This is absolutely clear from lhe fact that one has, for Carpl-1, 47% of 

28we restrict our analysis hcre to AH8 bccau,se this was the only group to consistently use 
thi s approach. 
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solutions from a single equation and 32% of solutions from a set of simultaneous 

equations, but for Carpl-2 the percentages change to only 5% of single equation solutions 

and 42% of sets of simultaneous equations solutions 

A possibly relevant mistake was made when producing the Brazilian version of 

Carpl-2, as the ?riginal phrase "lf two short blocks are put together, they still measure 

28cm less than a long block" ended up as the equivalent of "The long block is 28cm 

longer than two short blocks put together." In Carpl-1 both Brazilian and English 

versions used the former fonn. Nevertheless, this difference in the statement did not seem 

to produce significant effects on the results, as in Carpl-2 AH7 kept at a substantially 

higher levei than FM2, and AH8 kept ata higher levei than FM3- as it happens for both 

pairs of corresponding groups in Carpl-1. 

The biggest fali in the facility levei from Carpl-1 to Carpl-2 is for AH8 (from 

90% to 52%), and it is associated with a much greater difficulty in producing a single 

equation by a direct non-algebraic substitution; this failure to directly reduce the problem 

was not compensated by an increase in the proportion of non-algebraic solutions, but only 

by a moderate increase in the number of solutions using a set of equations. This shows 

again the lack of flexibility on the problem-solving behaviour of AH829. In AH7, the fali in 

the facility levei is smaller but still significant (from 69% to 44% ), and it corresponds 

mainly to a smaller proportion of OKCALC solutions. In FM3 the facility leveis are more 

similar (64% to 52%), and in FM2 practically nil (6% in both cases, for a sample of 17 

students, ie, one correct solution for each of the two problems). 

STUDENTS' SOLUTIONS 

The Sets 1-1 problem 

Ali but two OKEQT solutions to this problem were produced by solving the set of 

equations directly suggested by the problem's statement. One of those two solutions 

employing a single equation, however, provides a good cxample of a direct non-algebraic 

substítutíon, with the added relevánce of the descriptive use of literal notation (Mairê M, 

AH8). 

29AJso, the proportion of WCALC solutions rcmains thc samc and that of WEQT incrcascs 
dramatically. 

Experimental Study 240 



Mairê M, AHS 

"!f the differcnce bctween them is of 47, one has 47 more than the other, thus 

one is x and thc othcr is x+47 and their sum is 185." 

Normally, from the script alone it would not be possible to decide whether the 

direct substitution was non-algebraic or algebraic, ie, whether it was respectively based on 

modelling back the second expression into, for example, a two sticks situation, one longer 

than the other, ora non-written manipulation of the second "equation". At first sight it 

seems the second is the case, as Mairê wrote down the two equations first (top left) and 

solved the problem algebraically before writing down the explanation (which isto the right 

of the algebraic solution). One detail of the solution, however, clearly suggests that she 

was not dealing directly with the equations she had written: her second equation (first line, 

after the m-dash) says that "the difference between the two numbers is 47" but it alsQ 

implies that "xis the greater Qf the twQ''. Nevertheless, on the second line she writes 

X + X + 47 = 185 

and not 

y + 47 + y = 185 

as it should be the case were she actually dealing with the equations written on the first line 

as objects being manipulated30. Although it is truly possible that the property she evoked to 

substantiate the substitution was seen by her purely as a property of numbers, we are led to 

the conclusion that in fact she was using a non-algebraic model, as it took her away enough 

from the equations' context to allow a complete shift in the meaning of the symbols used. 

Andrea M's (AHS) solution, on the other hand, clearly exemplifies the algebraic 

substitution, done within the context of the algebraic model, ie, after she had produced the 

algebraic model, and the substitution being meaningful within that Semantical Field. 

30Jn this case it is obvious that this proccdure did not affcct the corrcctncss of thc solution, 
once in fact the actual algebraic solution begins at the second line, and not at the first, as it 
would seem to bcgin. 
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Andrea M, AHS 
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''it's the same proccss as in question 3 31, but only this time thc statcment is on 

the forro of a system32. 

Bcforc separating thc variables one has to !cave only onc variable, and this 

process is donc by substitution thcn it is only scparating onc from thc othcr." 

(onr cmphasis) 

Eurico G's (AHS) solution shows another procedure to reduce the set of equations 

into a single equation with one unknown, using " ... the cri teria of comparison." 33 

Eurico G, AHS 

Moreover, it shows that he directly attached an arithmetical meaning to the "+", "-" 

and "=" signs, as it is indicated by him saying that "I solved using a system, taking what 

was given in the statement and substituting the secret numbers by unknowns" (our 

emphasis). On his solution one can also see the importance of internalism in thinking 

algebraically, once the production of the expressions 

x = 185 -y and x = 47 + y 

is meaningful only in the contexto f the method o f solution. 

3! We believe that she mistakenly referred to question 3 (S N 1 ), having in fact intcndcd to 
refcr to qucstion 2 (Carpl-2), which shc solvcd using a sct of cquations. 
32Jn Portugucsc, system of equations stands for set of equations. 
33comparison heing the "official" name for that stratcgy according to Brazilian tcxtbooks. 
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Eurico's was the only OKEQT solution to use the comparison strategy. Ali the 

others used either addition of equations (eg, Erika M, AH8) or substitution (Andrea M, 

AH8, script already shown) strategies, with twice as many substitution solutions as 

addition of equation ones. Formally, the addition of equations strategy involves a more 

sophisticate algebraic perception than the substitution strategy, as one would h ave to 

perceive the equations as an objects that can be operated with. Nevertheless, one can 

actually perform the addition of the two equations term by term, with the correctness of the 

procedure being guaranteed by a trust in its algorithmic side rather than a deeper 

understanding of the procedure's roots. 

ErikaM,AH8 

The solutions by Bruno N (AH8) and Alberto SA (AH8) also throw Iight into how 

students might identify the adequacy of using an algebraic strategy- in this case solving a 

set of equations. In Bruno's case it is the su·uctural aspect that provides the hint (identifying 

equations, operations involved and variables), and in Alberto's case it is the direct 

recognition of equations in the problem's statement (as in Eurico's case, analysed above) 

together with the visual aspect (" ... 2 equations one bellow the other."). 

Bnnl{) N, AH8 
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Alberto SA, AH8 

From the six WEQT solutions, three are of greater interest. 

Ricardo G's (AH8) makes an almost careless mistake by "forgetting" to include the 

second y when he substitutes into the first equation the expression for x obtained from the 

second equation. Apart from that his solution is neat and correct, and had he checked his 

answer, he would have probably spotted the mistake and corrected it. 

Ricardo G, AH8 

In Nicola D's (FM3) solution, the derivation of the three expressions 

A = 185 - B , B = 185 - A and B = A + 47 

is technically correct, but she never gets any further. In a sense it seems that she was trying 

to put the expressions in a fonn in which she could see how to proceed, being unaware that 

from any of the expressions involving two unknowns alone she could not get "the" 

answer. It did not occur to hera substiturion ora comparison, although she had already 

produced the necessary steps to use any o f the two strategies. 
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Nicola D, FM3 

Finally, we have Adriana C's (AH7) solution, in which she fails to perceive that 

letting the same letter to stand for both secret numbers is the main cause of her attempt not 

working. 
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Adriana C, AH7 

As she was writing the first two Unes she might well h ave been aware that the two 

secret numbers could be different, and was making use of a heavily context-dependent 

notation (thinking of "a number" and "a[nother] number"), but then she shifts her attention 

to the written expression and looses control of the process. It is also interesting to notice 

how she tried to make sense of the second equation 

X • X = 47 

by producing 

-2x = 47 

instead of accepting the obviously "puzzling" 

o = 47 
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Although so evidently distinct in terms of the levei of knowledge and technical 

competence, in those last three scripts one can see the unknown numbers (or parts) being 

part of the solution process, ie, being assumed as objects in the model, as having the same 

properties of the known ones34 (Analiticity). Also present in ali three is a willingness to 

manipulate numerical-arithmetical expressions in order to produce the answer, this 

manipulation developing within the Semantical Field of Numerical-arithmetical 
expressions35. 

Only three OKCALC solutions were produced, two of them of interest to us. 

First we have Laura W's (FM3) solution. Her solution to this problem is exactly the 

same she gave to Carpl-1 and Carpl-2 (scripts also shown bellow), and we are led to 

believe that she actually modelled back the set of equations into wooden blocks as in the 

Carp context. 
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Laura W, FM3- Setsl-1 
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Laura W, FM3- Carpl-1 

34 AI least at a manipulative levei. 
35 Actually, Ricardo's and Nicola's solution could bc cntircly justificd in terms of whole-part 
and sharing - which ncvcrthclcss does not sccm to bc thc case, spccial1y in Ricardo's case. 
In Adriana's solution, howevcr, wc have the cxpression 

-2x = 47 
which indicates some dcgrec of ~ if not conscious ~ numerical internalism. 
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Laura W, FM3- Carpl-2 

Second, we have Joe V's (FM3) solution36. 

Joe V, FM3 

A few points indicate that his is an non-algebraic solution and not a non­

symbolised algebraic solution: he begins by subtracting 47 from 185; if the intent of this 

step was to work out the resulting right-hand side that would result from subtracting the 

second equation from the frrst, one has to assume that he did it in order to eliminate the frrst 

secret number from the resulting expression. But if this was his intention, why not simply 

add the two equations, a much simpler procedure by ali means? On the other hand, we may 

see this subtraction as an evaluation of the result of taking the excess 47 from the total, so 

to produce two equal parts, and that he perceived the 47 as an excess of the first number 

over the second is clear from the fact that near the end of the solution (right before checking 

his answers up) he says " .. .1 add ... [the] (2nd no) to 47 to find the 1st no.". 

36 As we said before, thc fac! that he madc a numerical mistake was of no importance to us, 
once the process would lead to a corrcct ans'wer. 
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The third solution offers only the calculations and no explanation as to why those 

steps were chosen. 

What emerges clearly from the WCALC solutions is that the lack of some kind of 

written representation seriously hindered the solution process, as those students were 

trying produce a chain of calculations that made sense and produced an answer. One script 

is particularly illustrative (lan C, FM3), who seems to be doing well, only to make a 

mistake on the last calculation, most probably by judging 69 to be the first and not the 

second secret number. 

.- 6"i' 

Ian C,FM3 

The Sets 1-3 problem 

Ali the OKEQT solutions to this problem used a set of simultaneous equations. 

Three of them were solved by a substitution method, eg, Daniela V (AH8), in 

which script we find explicated a very important characteristic of the algebraic method, the 

need to distinguish different unknowns and parameters from the outset, to assure that the 

correctness of the derived relationships is kept. 
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Daniela V (AHS) 

"!fone number is y lhe olher will be x, bccause lhey are dislinct..." (beginning 

of tcxt) 
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Ten of the sets of simultaneous equations were solved by the addition method, and 

three of those solutions present us with characteristic aspects of algebraic thinking. 

In Ricardo M's (AH7) solution, the addition of the two equations is justified as he 

writes down "-3m+3m" and only then simplifies it. This procedure shows the arithmetica/ 

internalism characteristic o f thinking algebraically as it gives the reason for adding the two 

equations and a justification for the addition producing an equation in only one unknown 

that is completely based on a property of numbers37. 
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' .;( '<\ -:J: ::; ~~~ 

12
1'\" =- ~ 16 

~!?Y\0= ..:< :3 

n_ ~~Q.- 116 
L-~~---- ~ ~~~--~--------------·------~-------d 

Ricardo M, AH7 

Walter R's (AHS) solution exhibits the method driven internalism characteristic of 

thinking algebraically. For no "good" reason he first multiplies the first equation by minus 

one and only the performs the addition of equations38. Nevertheless, the objective of such 

step is to prepare the set of equations for a subsequent transformation, ie, it ili meaningfu/ 

within the Semantical Field of numbers and arithmetical operations. 

l<' I f b 
Walter R, AH8 

37we think that the particular dctail of Ricardo writing "2n - 3m + 3m" instead of "2n + 3m 
- 3m" (lhe "natural" order, following the ordcr of thc cquations) shows that he was thinking 
of the addition of opposites propcrty and not of "take away and put back" or 
"complcmcnting" stratcgics, the formcr corrcsponding to a way of avoiding to write "+3m + 
~-3m)", a mcre symbolic convcnience. 

8The quotes mean that he could have obviously applied the addition strategy without this 
extra step. 
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Finally, Giuliano G (AH8) sees the generality ofthe method of addition in enabling 

him to find either of the unknowns from the same set of simultaneous equations by 

applying the same strategy, and it shows that: 

(i) it is the addition of opposites that is the centre of his attention (an arithmetical 

property), and, 

(ii) although dealing with a numerically specific instance, the generality of the 

method is clearly expressed even if no "generalised numbers" ("letters") are used for 

parameters. 

x~-·rgs 
f -3f: J!_ 

.1}L 
zx- zn 

f·''" 

.$'+h ~185 
~ ;){ ··1'3 '1 ": - 'fi­

c; y ~ 13~ 

r·Z~ 

x~ h . /~s 
1({, f c,'): lí"s 

Giuliano G, AH8 

One of the WEQT solutions (Juliana B, AH7) shows one of the possible effects of 

not distinguishing the two unknowns. 

{1<:-Q_I(.) (l:,4!X.)' A8.5~H 

. .,, . '· ' d. ){. : """ ""' 

r •. r 
••• .._j 

Juliana B, AH7 

The result for the first secret number is incidentally correct, given the "friendliness" 

of the set of simultaneous equations, but she fails to perceive that the second secret number 

had not yet been determined (also because she does not check the answer against the 

problem's statement)39. It is also interesting that she does not use a "+" sign between the 

two bracketed expressions on the left-hand side of the equation on the first line, but 

operates correctly on it, which suggests that the conjoining meaning of addition was used 

39Jn fact it is not possiblc to firmly determine whcther shc did not distinguish thc two 
unknowns at thc levei of the problcm's statcmcnt or at a symbolic levei,. thc Jatter bcing 
carried through the remaining stcps of her solution proccss to cnd with her giving the answer 
"The number is 116" (bottom line at the lcft). 
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in "putting the two equations together", rather than a purely numerical-arithmetical one. 

Nevertheless, she was aware that both "conditions" (equations) had to be taken into 

account, and did not simply substituted x for both numbers in one or both equations and 

proceeded from that to produce the answer, as did Banira (AH7). 

!2~pl<>: 
.1!' V\~ -;;; X.. .r: lb 
.)_~V\"'$;(..!-~"~ 

?<- +(_a. 1)6-H) .<t% 

X..,. ;;>< + ~ = J'i/6 

'1 X- ~ ;:t'i?5 - 3 

X.- (8. J(:-1-j)~'J~ 
?(_ - ( 3 x.+ ?') ~ '1=! 

?<- - 3>-,c. - 3 • '-1-=t 

- ;).?<. "" 'i ::j + 3 t{ ?{ : jg.;L. 

"-' ~ \-! 1.- J-.,.. ~ 5o.h I 
:r"><~ - 50 "-" ::2Q_ 0 ;)$ 

.;1. 
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Bartira, AH7 

Bartira added the extra condition 

{ 
1st number "' x 
2nd number = x + 1 

reducing the problem to one in one unknown only and correctly manipulated the two 

resulting equations40; we want to emphasise that she correctly handled the distribution of 3 

o ver X+ 1 even i f the latter was not indicated by brackets, and this shows that she was 

being guided by properties of numbers and also that she was keeping control of the 

structure of the expressions she was manipulating, even if the notation did not suggest so. 

Bartira's mistake was at the levei of understanding the relationships implied by the 

problem's statement (a modelling mistake), and not at the levei of thinking algebraically. 

Another WEQT solution (Rubens K, AH7) presents the case of manipulation of 

algebraic expressions being def01med by considerations externai to the Semantical Field of 

numbers and arithmetical operations. 

40This is not cntircly truc, as shc makcs a mistakc on thc vcry last calculation, putting (-
50)/2 = 25. Howcvcr, as shc did not make any othcr mistakcs in calculations with directed 
numbers, it might well be that this was not a truc crror, bcing instcad a deliberate subvcrsion 
of the usual rules in order to makc the rcsujt to fit hcr expcctations (for example, that the 
numbcrs wcrc positive, an cxpcctation which could havc come, for example, from thc fact 
that the answcr rcsulting from the first cquation was positivc). 

Experimental Study 251 



(ndJ ~ {3 ?I;)). <.}f)' . 
til ) + {'?;«A) :;F~-

/1') ~ 3.n-> 
4..,-; ~-~gc; 

'7> ~ )/l') 

4 

Rubens K, AH7 

Rubens begins by deciding to deal with the first equation separately, and correctly 

identifies two unknowns (nl and n2). Being unable to proceed from there, he wipes out 

the distinction in order to reduce the equation to one in one unknown, correctly solves the 

resulting equation, but fails to go any further, apparently because he could not see how to 

"revert" the process and go back to the two distinct unknowns. 

On the WCALC group, the most common error was to take the two conditions 

given in the problem's statement separately. As one cannot "solve" any of the two 

equations separately41, usually this erro r was followed by the additional error o f trying to 

produce an "answer" by dividing the independent term by 3, the only other "visible" 

number in the expressions (Nicola B, FM3). 

Nicola B, FM3 

Gurdeep S (FM3), however, goes further, producing a series of calculations that 

actually result in the correct second secret number. 

41 0ne could obviously trcat each of thcm as an indeterminatc equation in two variabJcs and 
find some solutions or cxprcss a dependenee condition cxplicitly, but it is clear that this 
procedurc was far too sophisticate for thosc students. 
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Gurdeep S, FM3 

His procedure could be seen as corresponding to the algebraic procedure 

{
X + 3y :::: 185 
X • 3y :: 47 

{
!3+y=:r 
.. - y::: 3 

2y _185_47 
- 3 3 

( + 3) 
( + 3) 

(I) 

( I I ) 

(I) - (11) 

185 4 7 
3" 3 

y = ------"'--;.-2 ------"'--- :::: 23 

Although possible, this interpretation is highly unlikely to be correct because: 

(i) to keep control of the solution process is not simple even with the help of 

algebraic notation; without it, it seems to be at least very hard; 

(i i) i f Gurdeep had in mind the subtraction of equations strategy, h e would have 

probably applied it directly, without going through the step of dividing both equations by 

3. 

We offer the following alternative interpretation. Gurdeep begins by dealing with 

the two relationships separately, and "ignoring" the first secret number he produces the 

second secret number from each equation42. Realizing that he had produced two distinct 

values, he then tries to make sense of and to coordinate the two pieces of information. We 

believe that he tried to do so by "averaging" the two values he had obtained. 

42This initial part of our interpretation is supponed by the fact that on the first line of his 
script hc wrotc "185/3 ~ 61.6666667 = $ecret number" 
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Only one OKCALC solution was produced (David W, FM3), and it is clearly 

non-algebraic, most probably supported by the imagery of a number line (see fig. CCS 2). 

DavidW,FM3 

The text in David's script has to be in a sense "deêoded", because it does not 

literally correspond to his solution. 

• He first says that he " ... found the middle number in between 185 and 47. "To 

do this I found the difference between 185 and 47. This gave me the first 

number." It is clear that it is not the difference between 185 and 47 that 

produced the middle number, which he correctly gives as 116. Rather, he 

found the difference between 185 and 47 (138), divided it by two (69) and 

added the result to 47 (ali three calculations at the left of the script). In relation 

to the diagram in fig CCS 2, this corresponds to finding the distance between 

the two extremes A and 8, halving it and adding this to A to produce the point 

M. 

• He the says that " ... To get the second, I found the difference between the first 

number and either 185 and 47 [our emphasis] ... ", a step that clearly 

corresponds to finding the distance between A and M or between M and B. 

• Finally, h e divides the result by 3 to find the second number, as the distance 

between the first nnmber and either 185 or 47 corresponds to three times the 

second number. 
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fig. ccs 2 

David's solution is synthetical. It always proceeds by using the known values to 

calculate new values until he finally reaches the required answer. lt is reasonable to 

suppose- although no explicit indication exists in the script- that the structuring of the 

problem itself never involved assuming the unknown values as known in order to guide the 

process of solution. Given David's description of his solution process, we believe he 

began by reasoning that the first number was a sort of "centre" from which the same 

amount was taken from and added to (or, in the context of the geometrical imagery, two 

points taken, to the right and Jeft of the "centre", and at equal distances- see the "Initial 

Scheme" on fig CCS 2); from this model it is possible to envisage the necessary steps to 
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produce the answer without any analytic reasoning being involved43. A second point o f 

interest is that he did not realise that he had already worked out the difference between the 

middle and extreme points, and recalculates it as 185-116; the relevance of this point is 

that it suggests that at each step a new model was produced and then manipulated according 

to what was seen as relevant in that model, and that previous evaluations and 

manipulations were not necessarily seen as "belonging to" the most recent model. Finally, 

it is worth to remark that he produce a literal representation of the problem's statement 

(upper left corner of script), that although incorrect - it uses x for both unknowns -

might have been important in suggesting the geometrical model by compacting the 

problem's statement. 

The Carp 1-1 problem 

WCALC solutions were mostly of two types. 

Five students misread the problem's statement and assumed that the length of the 

shorter block was 28cm, consequently getting the length of the longer block by simply 

subtracting 28cm from the total 162cm. It is almost certain that this type of mistake arose 

from a poor reading of the problem's statement, but it has to be pointed out that it was 

favoured by the actual typing of the questions, which in both Brazilian and English 

versions - especially the latter- might suggest the mistaken interpretation to a reader 

more inclined to "quickly inferring." 

Twelve students, however, used a more complete - although incorrect -

approach (eg, Fabiola AH7). Those students used a "+2, +28, -28" strategy that many 

students had used in the exploratory study. This mistaken procedure is certainly dueto a 

failure to perceive that taking 28cm from one of the halves automatically makes the 

difference between the two measures to be 28cm, but while satisfying the "difference of 

lengths" requirement, it alters the total length. Those students perceived this unwanted 

effect and corrected it by adding to the other half the 28cm that had been taken away to 

produce the shorter block. This step, in its turn, if adjusts the values to satisfy the "total 

length" requirement, alters the difference between the blocks, thus producing incorrect 

answers. 

43The only relevam propcrty uscd is that thc middlc point is at cqual distances from the 
extremes. 
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Fabiola, AH7 

"8Jcm would bc i f both blocks werc cqual, butthc small is 28cm smallcr than 

thc big one (81-28) and what you gct is thc small. Thcn it ís only to do (81+28) 

aud that's thc big [block]." 

At the root of this kind of mistake is a characteristic of many of the non-algebraic 

solutions presented, and that we have already examined on the last paragraph of the last 

sub-section, namely the fact that at each step of the solution process a new model is 

produced- representing or not a correct derivation from the previous models- and it is 

the most recent model that is manipulated according to what is perceived as relevant and 

required in relation to this model; each step is locally meaningful. The result is a step-by­

step solution in the sense that the goals and the means to achieve them might be constantly 

changing, sometimes resulting in a loss of overall control of the solution process or in a 

deterioration of the original conditions and requirements through overall inadequate 

transformations of the intervening models. 

The OKEQT solutions offer a variety of approaches. 

The most common strategy was to take away 28cm from the total, so to produce 

two short blocks, and divide the result of the subtraction by two to obtain the length of the 

short block; then add 28cm to the length of the short block to obtain the long one (eg, 

Bruno N, AH8). 
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Bruno N, AH8 

"I rcmoved lhe difference and divided by 2, rcsulting in a total of two short 

blocks [our emphasis]. Then I appended lhe diffcrence [.] rcsulling in lhe big 

block. I found out how to solve il by logical rcasoning." 

Bruno's solution is a very clear and well explained instance of the use of this 

strategy, including a diagram that is enough to guide the whole solution process. Some 

aspects of his solution are of extreme interest to us. The presence of the diagram assures us 

that the word "tirei", that in Portuguese could also mean "subtracted", is used in the sense 

of "removed". Moreover, he says that the division resulted in " ... a total of two short 

blocks ... ", clearly corresponding to a "cut" followed by a division to evaluate the lengths 

of the two resulting halves. Finally, the word "acrescentar", that in Portuguese might also 

be interpreted as "adding", has to be interpreted here as meaning "appending", in agreement 

with the clear-cut indications of the rest of the script. The objects being manipulated in 

Bruno's solution are objects of the context, and the choice of operations is subordinated to 

the need to evaluate measures; moreover, his solution is totally synthetical, working from 

known objects to produce other objects that are shown to satisfy the required conditions. 

As in David W's solution to Setsl-3, Bruno's solutions never deals directly with as yet 

unknown parts. 

Hannah G's (FM3) solution is very similar to Bruno's, but instead of "cutting" the 

difference to make two short bars, she adds the difference to the total, pretending there 

were two long blocks, showing that hypothetical manipulation of the context of the 

problem can become a key element in non-algebraic solutions. In Hannah's script one can 

also see the extent to which the choice of operations is subordinated to the manipulation of 

the non-numerical model ("I did this to fiud out how muclt tltey measured if tltey 

were the same leugth. ") 
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Hannah G, FM3 

Two other OKCALC solutions are worth examining, both using a "+2, +14, -14" 

strategy. 

We think that Joe V (FM3) decided that he had to add and subtract 14, and not 28, 

based on his perception - probably due to the expression on the second line- that the 

28cm "in excess" on the long block had also been divided in two, an interpretation that is 

supported by him writing 

before writing 

81 + 28 
2 

81 + 14 

which indicates that the fonner expression carried with it something important enough to be 

made explicit. 

Joe V, FM3 

On Ricardo G's (AH8) script, on the other hand, there is no clue to how he decided 

to add and subtract 14, but it is his peculiar way of using algebra that we want to examine. 
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Ricardo G, AH8 

He clearly begins with the assumption of the blocks being of the same size, and 

writes down and solves an equation that reflects that; just by looking at the equation one 

cannot decide whether he was dealing with a numerical relationship or simply using the 

literal notation to describe an non-algebraic process. In any case one has to notice that he 

explicitly deals with the unknown number-measure, ie, this part of the solution process has 

an analytic character. At the following step, where he adds and subtracts 14, it becomes 

clear that he saw the division by two as producing two halves instead of producing one 

value, as each of the two !ines begin with x (one of the halves) and represent in fact the 

transformation of each half (x) into the required blocks. His is a non-algebraic solution 

"dressed" in algebraic notation44. 

Tatiane R's (AH7) solution is another instance of a non-algebraic solution 

"dressed" in algebraic notation, but it seems much closer to a true algebraic solution than 

Ricardo's, as the model used to set the equation takes aboard - as unknowns -the 

lengths to be detcmüned, as opposed to Ricardo's solution (see note 20), and she produees 

an equation that directly and simply reprcsents the problem's statement. 

44Although it is obvious that onc cannot bc totally sure that thc equation was not secn as a 
numerica/ expression, and that subsequently a shift in the meaning of x occurred, we think 
that in the face of the modcl he used to set the cquation - with x rcprcsenting none of the 
unknown Jcngths - lagelher with lhe use af x in lhe remaining lwo /ines, we must conclude 
for the "non-algcbraic" interprctation. 
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Tatiane R (AH7) 

Ds ' . cr:, S. 

r :-q-'- ~.: ~'..-'L-Q­

q_....,:.r c!;,~: 

"Thc two blocks togcther = t62cm 

But i f I remove thc bit o f block that is in cxccss in rclation to thc small block, 

then it is thc same as two small blocks plus the extra bit." 

Her explanation however, fully reveals that throughout the process of solving the 

equation she was being guided by- or at least constantly checking for meaning against­

the manipulation of a model that took the objects of the context as objects, an non-algebraic 

model. The decisive detail in the text is when she says that "it is the same as two small 

blocks plus the extra bit," showing that the solution process was in fact guided by a 

composition-decomposition o f parts process. 

In the OKEQT group of solutions, a number ofpoints arise. 

Alessandra O (AH8) produces a substitution in the context of the set of equations, 

while Andrea M (AH8) produces a direct non-algebraic substitution, to solve the problem 

from a single equation. 

-.J-<x-.:l-5'~ló.Z., 

Ux"' !<fD 

~ 
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Alessandra O, AH8 
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Andrea M (AH8) 

"x will be the number of the small block, as I don't know the complete 

measures but known the number of "comparison" of one to the other. I do the 

same process as i f I had ú1e complete measures: add. The sum is donc normally 

[,] I add separatcly thc numbcrs and thc x's. Tben I scparate x to one si de and the 

numbers to the other. lf thcre still is some numbcr with x, I move it to the 

other side [,] with thc inversc opcration." (our cmphasis) 

Andrea's solution, moreover, provides a clear statement of: 

(i) the analiticity of her reasoning, by saying "I do the same process as if I had the 

complete measures: add."; 

(ii) the arithmeticity of her reasoning, by saying that "x will be the number of the 

small block. .. " and treating numerically the setting of the equation. 

Marília M's (AH8) and Rogério C's (AH8) solutions exhibit an important feature of 

thinking algebraically, the use of normalforms ofnumerical-arithmetical expressions. 

Marília M, AH8 
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Rogério C, AH8 

In Marília's case, the normal form is produced at the algebraic levei, by 

manipulating the second equation 

x-28=y 

toproduce 

X • y ::: 28 

while in Rogério's case the normal form is directly produced by interpreting - and 

representing- the fact that one of the blocks is 28cm longer as meaning that the difference 

of their lengths is 28cm45. 

The Carp 1-2 problem 

An undesirable and unexpected effect appeared in relation to this problem, with nine 

students solving Carpl-2 as if it were Carpl-1, ie, only one short block had been 

mentioned in the problem's statement. We are led to believe that those students had already 

been presented with Carpl-1 on the first session, and when they saw Carpl-2 they did 

not bother to read the statement, as both the drawing and the first sentence are the same in 

both problems' statements, a flaw in the design of the tests46. Also, five students solved 

the problem assuming that 28cm was the length of two short blocks; this mistake had 

already been identified in the solutions to Carp1-1, and here again it might have been 

urged by the unfmtunate choice of line break for the text. 

Other WCALC solutions reveal some difficulties caused by the increase in 

complexity in relation to Carpl-1. 

Ricardo B (AH7) applies a "generalised" version of the "+2, -28, +28" that was 

examined in relation to Carpl-1. 

45This type interpretation was in fact very rare in ali the problcms in ali groups. 
460ur original intention was to cause thc two problems to bc seen as much as possiblc as 
vcry similar. 
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Ricardo B (AH7) 

"Thcre are thrcc wooden blocks, so I dividcd thc totallength and put another 

28cm. then I subtractcd as you can scc above." 

As a result of the increased complexity, Ricardo fails to perceive that the 28cm he 

adds to one of the parts produced by the cut-division makes the long block 28cm longer 

than each of the other ones, but at this stage the two short blocks put together are in fact 

26cm longer than the long block47 . A very odd shift now takes place, as to work out the 

length of the short blocks he subtracts the now known length of the long block from the 

totallength, and divides the result by two to obtain the length of each short block; it should 

be immediately clear, as he obtains 80cm for two short blocks that something went wrong, 

as the difference is only 2cm. We think that this fact was not enough to trigger a revision of 

the previous working exactly because at that point the model he was working with included 

only the "total" and the "two short blocks" conditions, but not the "difference" condition; as 

it had happened with the solutions to Carpl-1 mentioned earlier in this paragraph, each 

step resulted in a new model that was then manipulated anew, with the product of previous 

manipulations not always being taken into consideration48. 

Helen R (FM3) produces a very good diagrammatic representation of the problem 

(except that the diagram on the right is not cotTect because it includes the "extra" 28cm in 

the total as a separate bit), a representation that would almost certainly lead to a correct 

solution in Carpl-1, but fails to draw further information from it and fails to manipulate it 

into a more informative diagram, which suggests that the need to deal with the two short 

blocks as one single object functioned as an obstacle that was not overcome by her. 

4 7n is legitima te at this point to assume that thc two rcmammg blocks are thc two short 
blocks, as Ricardo's rationalc for dividing by 3 is that thcre are threc blocks. 
48 As in the total disregard for the two 54cm bits that ought to corrcspond to the two short 
blocks - if not immcdiatcly, aftcr some possible adjusting stcps. Instead hc shifts to the 
modcl "I know thc total length of a long plus two short blocks, and I know thc length of thc 
long one. so ..... 
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Helen R, FM3 

The OKCALC solutions to this problem underline and clarify severa! relevant 

aspects of non-algebraic solutions. 

Bruno N's (AH8) solution49 shows the way in which a diagram is used to provide 

a simplified representation of the problem's statemem, mixing a whole-part figure to 

represem the first condition, with an added verbal remark ("28cm more") to represem the 

second condition. It is clear that this diagram guides the solution process, as the labels used 

in it for the long and short blocks are used throughout, and the first line in the sequence of 

equalities indicates- by having the numerical calculation on the left-hand side and the part 

that its result measures on the right-hand side- that the numerical calculations are used to 

evaluare the measures o f parts according to the manipulation of the whole-part model. 

Bruno N, AH8 

Elizabeth W (FM3) provided us with what is probably the clearest example of an 

non-algebraic solution among ali scripts we examined. 

First, because she makes it explicit that the figures she draws at the top are used to 

guide the solution process. Sccond, because she always describe the manipulative steps 

49Thc text to thc right does not add anything that is not alrcady evidcnt in the rcst of thc 
script, and for this rcason is not translatc(t. 
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that justify the choice of operations to be performed on the measures to evaluate other 

parts, eg, " .. .1 could pretend I had chopped 28cm from the long one ... ", and "I can 

now stick the 28cm back into the long block ... ". Moreover, in her solution there is a 

transformation of the problem when she reduces it to one where a long block measures the 

same as two short blocks. This strategy is different from taking the difference away to be 

left with four short blocks, as it actually establishes a new variable and a new relationship, 

the shortened long block becoming "!h!;." long block. Her solution is throughout well 

controlled and synthetical, and above ali it shows that verballanguage is totally adequate to 

describe the hypothetical assumptions and the transformations that support the choice of 

operations, while standard written arithmetical statements take care of describing the 

evaluations. ãJ.>c" ~-.:> tó~~' 
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Elizabeth W, FM3 

In Matthew K's (FM3) script also we find a solution process that is typically 

non-algebraic, with the 28cm taken as a separate bit that can be appended to the 

combination of one long and two short blocks, the arithmetical operations being performed 

to evaluate lengths. It is also distinctively synthetical. 
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Matthew K, FM3 

Finally, we examine Joe V's (FM3) solution, which uses literal notation (" ... a little 

formula ... ," as he calls it) but is guided by the manipulation os a whole-part model. 

fiv-.<1; /da """' 4~- ~ w-/4 
11 ~ sMl'.f-' b/odC 1 X ""'I""'::: Üock 

PL+~x = /62 

n.ow- /- ~e- ;éh_. .2gc,r;:.~ /62 c~ úo ;Ç.t{d ,;Ç-k 
c- .r vv -e.-v ......,. n ~ 

/62 -.z2= 1?<1- . 
Z::o ,r-._;? ~ ,.,_ / ~e d- ~ o//v~ /f?--fy 

..___ __ "t. .......... ~.w ... i~.dúd~!iJ ~;:I .. ~ .. 
Joe V,FM3 

On the second line he writes 

n + n + x = 162 
his "formula", but it is not a numerical one, as one gathers from the subsequent 

manipulation of the model it is intended to represent. Instead, the "+" sign means the 

conjoining "and", and the "=" sign denotes "measures"- acting as a value label, as we 

saw on page .... This interpretation becomes more clear when Joe " ... take[s] the 28cm from 

162cm so that the answer is n4 "- in which he obviously meant 4n; the subtraction 162-

28 (an evaluation) is different in nature from the action that produces the "4n" (a 

decomposition) corresponding to its resuJt50. Although apparently it is an analytic model, 

in fact it is not, because the parts of unknown measure are not there to be directly 

manipulated, but to provide the whole-part structure and allow him to visualise a sequence 

of decompositions, compositions and correspondent evaluations that will lead to the 

answer. 

5°we think it is tclling that Joe states the decomposítíon - with its outcomc - as a 
separatc and prior step from the actual calculation. 
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As with the OKEQT solutions to Carpl-1, we had for Carpl-2 both cases of a 

model with a single equation in one variable being produced through a direct non-algebraic 

substitution (eg, Laura G, AH7) and of a model with a set of simultaneous equations being 

initially produced and from there a substitution that reduces the set of equations to a single 

equation in one variable (Mairê M, AHS51). 

Laura G, AH7 

"(2 shorl blocks) (I big block) (3 blocks)" 

.IM 
T.t:::.,<Ynd& ;,. 'i';,;.c~. c.o r--:L .. Jj 

'" .l 
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)(. ":: J.J tJB 1Sr61~1GJ.. f"~ :1.,., /? J ""' . 

I~J 'I f, A .,. 'J'<Yncl. .. - r1-Jt ~ lt 'ia ~.tB~IG.L """<? .t e fiJiJ o.-r\J."' 
j =(tG-2 -.t.:t: ) J_~ ·~~tJ,.f =".!_ 
j: 33.5' ( ó"~ 
X : oi 1 3>,.'5 +.t6 
r= 'ij 

MairêM,AH8 

One last OKEQT deserves examination. Tatiane R (AH7) first solves the problem 

with equations (left), with a peculiar use of indexed x's, possibly meaning that she saw the 

two short blocks in the second line as distinct52 from those in the first Jine; the distinction is 

finally blurred on the fourth line, and the solution correctly completed53. On the verbal 

explanation, however, she shows an understanding o f the back-interpretation of the 

51The text at the righl of Lhe scripl is a restatement of the problem's statement, and thus 
was not translated. 
52physically distinct; some other blocks. 
53 Although there is a mistake in the subtraction, the solution is considcred correct, 
following our critcria of prioritising the ovcrall correctness of the procedure over the actual 
calculations. 
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algebraic procedure in terms of the problem's context that is mistaken (" ... when the three 

[blocks] are equal one has only to divide by the sum that made the three equal"). Had she 

followed the image of three equal blocks, she would have made a mistake, and this 

strongly highlights that by focusing the solution process on the method and by keeping it 

internai, algebraic thinking provides a powerful way o f keeping correct control of it. 

~~ ~ ~ ,i.t ~ Jjl ::. ta:> 
l Blot~spellve•o~< lt'-'a~ ·, '11-J... 

J.'lL• ~jjth •• )L ... :. t (,~ 
911. ~ fj,,l,-J.Q 

., " Cj ~·. t~4 
) ,. 

'.' ":11;36' 

Tatiane R, AH7 

Two WEQT solutions present two distinct -· but both criticai - aspects of using 

algebraic models to solve problems. 

Mariana O (AH8) starts by setting a correct single equation in one variable - a 

direct substitution- and conectly solves it for x to determine the length of the short block. 

' ' 

Lé'..e <I AlA e ~~ 
"" I~ ~ ' ·, ~ f"f:~ I~ ,.. !..(_ 

e~ Jl.... 1'1 ~o... -.-... 
..J.s Jt. )LJ. .A l-J 

Mariana O, AH8 

"I put the name of x on the small, and if the largcr is 14cm more, it ís x+ 14" 

Having already correctly recognised and used the relationship between the lengths 

of the long and shott blocks, she then shifts to another model and this produces the error. 

The model she shifts to seems to be related to the "+2, +14, -14, +2" approaciJ54, which 

54 An extension of the approach of dividing the total in two parts and then adding !4cm to 
one of them and subtracting 14cm from the other one to produce the required lengths. 
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nevertheless is not correctly interpreted by her, producing the misunderstanding that the 

longer block is 14 em longer than each of the short ones55, Mariana con-ectly solved 

Carpl-1 using an equation, and we are led to think that the increase in complexity was at 

least partially responsible for the lack of appropriate control. The crucial point, however, is 

that the shift to a distinct- although potentially con-ect- model produced an en-or, and 

this indicates the extent to which an algebraic approach depend on keeping the solution 

within the boundaries of the initially set equations, as the arithmetical internalism 

characteristic o f algebraic thinking involves a shift away from the Semantical Field of the 

Wooden Blocks, and any new relationship introduced during the process of solution would 

have to be double checked, first within that Semantical Field- to assure that it con-ectly 

models the problem's statement- but also against the initial algebraic model, to guarantee, 

for example, that the unknowns used are in correct correspondence. Marina's lack of 

perception that the resulting length of the long block is not 28cm greater than the length of 

the short ones - let alone 28cm longer than two o f them put together- is remarkable. 

The second WEQT script we want to examine is Mareei S's (AHS). 

{
x:::lX'tZ 
X-fZx -f2i; 16ô 

ZK+Uf Z(2Yíz!/:ffJl 
tx.-llft t!x1 Sft,.: l6l 
G" :: lbl-U-Sl. 
h--1~ 

lxtl2 
~·1Hz? 
Zkfl ... P 
S'{ 

Mareei S, AH8 

This script shows how deeply an algebraic solution can be guided by the 

meaningfulness of transfonnation strategies rather than by any other considerations, ie, 

how strong a factor the method can become. Marcel's solution has severa! errors. The first 

is the failure to distinguish the two unknowns notationally, a mistake that we have already 

examined. Also, the second equation of the bracketed set (top-left) does not model the 

problem's statement correctly, not even allowing for the interpretation- derived from the 

first equation - that x alone represents the long bar and x in "2x" represents a short bar. 

Finally, when he "substitutes" in the second equation the "value" of the left-hand side x, he 

55 She might havc reasoncd thal if the Jong block is 28cm Jonger than two short blocks, it is 
14cm Jonger than one shon block. 
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"omits" the 28 that is immediately to the left of the equal sign on the second equation. 

Nevertheless, he does produce a substitution, one that might seem absurd as he had not 

one, but two equations in one variable that he could easily solve - as he does with the 

equation resulting from the faulty substitution- and this indicates that although he did not 

distinguish the two unknowns notationally, he apparently did it semantically. Moreover, it 

might be that the 28 was "missed" because in the Semantical Field within which Mareei 

was operating, it was meaningful only when added to the "2x". 

The Choc problem 

In previous passages, we have already analysed some of the difficulties caused by 

the use of context-dependent or loose notation. Two attempted solutions to this problem 

suffer from such shortcomings, but the outcome - although incorrect in both cases- is 

quite different. Both Tathy G (AH8) and Daniela V (AH8) use the notation "x + 3" for a 

box and three spare bars, and "x- 3" for a box with three bars missing. 

(t+il ) ~CIGG 

("- 3) "- =11'\ 

X i" 3 = "'16(2, 

~ = <466 -..3 
"'~ cre.?, 

TathyG, AH8 
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!' "- 0!/4 'r ~ 
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-~ ~~.-,{ú_ J(,;--::;-c_~ -~- ~.()>YJ'(JIJ'o<VI----. 

:::..l ~) ')(,C, 
1
· 17 ~ ~-_._&1· 

A~+ ~3 I O«-~_#(_~~;;;. 3.(2.2-
'I'C- 2, ""'- ::t. ) \.) ·- 3 .·· 

1(~{}7 e:>~ ~--.. ·'-1:· ~ 

Daniela V, AH8 

"if onc box x + 3 (plus thrcc sparc bars) ~ (cosi) 966, a bar costs the price of ali 

of thcm + by 3, that is, x = 
9~6 = 322. 

Bccause we add thc thrcc bars that wcrc missing 
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Tathy treats the two resulting equations separately, and abandons the attempt when 

she gets different values for x, both equations being correctly solved. On Tathy's solution 

there is a shift into a Numerical Semantical Field immediately after the equations being 

produced, and this results in the variable "chocolate bar" being simply overlooked and not 

considered at ali after that. 

Daniela, on the other hand, stays within the Semantical Field of the Chocolate 

Boxes even after writing- and carefully explaining - the expression "x + 3". She then 

interprets the situation as meaning that the total price corresponds to the 3 spare bars -

disregarding the full box - and divides 966 by 3 to obtain the price of a single bar56. 

However, when she uses the same kind of notation to express the second combination, the 

strategy does not apply any longer, because it makes no sense to think of sharing the total 

by what is not. It is only then that she tries to make a new sense of the expression and 

shifts in to a numerical-arithmetical interpretation and correctly solves the equation- as 

meaningless as it can be in regard to the problem's statement. When she tries to justify the 

shifted procedure, she says "Because we add the three bars that were missing"; there is a 

clear disturbance in the meaning of the 714. 

Nine students produced a value for the price of a chocolate bar by dividing the 

difference between the two combinations of box and bars by 3, WCALC solutions. The 

root of this mistake is probably similar to what caused the shift in Daniela's solution: those 

students knew that the difference in price corresponded to a difference in the number of 

bars, but considered only the spare bars in the first combination, the bars that "actually" 

existed. Claire B's (FM3) script is quite clear about this, as she labels the 3 as " ... (the 

number of bars in question) ... " Also in Claire's script, we find a forceful example of the 

subordination of the use of the arithmetical operations to the manipulation of a non­

numericalmodel, as she takes away " ... f5.31 from f8.85 to get f3.54 ... " and from there 

produces the price of a bar, but " ... To check this [that the price of fl.18 for a bar is 

correct] I took f3.54 away from f8.85 to get f5.31." (our emphasis) 

56we bclicve that Danicla's flow of thought passed through the feeling that the 3 
corresponded to the only thing bcing actually "counted", "the number of chocolate bars" -
forget the 11 Sparc" - as the numbcr of bars in a box is unknown and is not mcntioned as an 
clemcnt of the problem's statcment or qucstion. 
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Claire B, FM3 

Ali but one of the OKCAL solutions were of one of two types: (i) putting together 

the two combinations, with the three spare bars in the first combination "compensating" for 

the missing ones in the second combination (eg, Clare F, FM357), or (ii) proceeding from 

the fact the the extra price corresponds to 6 extra bars (eg, Cláudia F, AH7). 

R.-t35 
-~·!5·-~j 

C-:]-!jtt. 
I s.ss 

5· .31 
l 3·.54-

·rfv... pn·(( /-rr 
I/.u.. pri~ /<rr 

ClareF, FM3 

1 ~::c~< 6f (nocolalc; i> 1 7&)' 
bar i) 35t 

51Jn Clare F's solution we have the "compensation" strategy explained in terms of a possible 
physica/ action, but most studcnts in thc OKCALC catcgory did not mcntion this kind of 
rationa/e cxplicitly. 
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Cláudia F, AH7 
11box=x 

This box with + 3 scparatc bars, in lhe end will havc 6 bars more than thc olher 

onc, bccausc in lhe othcr 3 bars are missing and thc box with +6 is full and has 

+3 bars. 

Price of 6 bars = diffcrcncc bctwccn boxes." 

Cláudia uses literal notation, but the intention is clearly descriptive only, as those 

written expressions are never directly manipulated; instead, the objects manipulated are 

objects of the context, and the model based on which the problem is solved is made up of 

those objects of the context and and relationships involving them, and perceived properties 

o f both the objects and relationships. 

The one OKCALC solution that does not conform to types (i) and (ii) above is 

David W's (FM3). 

DavidW,FM3 

Ris solution to Choc is absolutely similar to his solution to Setsl-3, and as we 

argued before on page 254, it seems to be based on a model involving points in a number 

Jine (as in figure CCS 2). David is one of the very few students that produced solutions that 

are clearly non-algebraic but using a model that is not built based on the objects o f the 

context. Moreover, the model he employed here and at Setsl-3 is perfectly general for 

this class of problems. 
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One solution stands halfway between algebraic and non-algebraic. Walter R (AH8) 

says that he " ... solved with a system 58 to find out the box [sic] and subtracted the 966 by 

714 and divided by 6 and found out how much is the bar." 
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Walter R, AH8 
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When he says that used a set of equations, one has an indication of how he 

classified what he was dealing with, but at the same time the notation is incomplete and one 

wonders how he would deal with a problem like "a box and three spare bars, ... , a box with 

two bars missing." The fact that he starts afresh to determine the price of a bar, suggests 

that the he did not perceived the "system" as composed by expressions linking the price of 

a box and the price of the bars, and we are thus led to believe that he was very much 

influenced by the form of the literal expressions in his choice o f method of attack to this 

first part o f the problem. 

Only one script actually adds to what we have said so far about OKEQT solutions. 

Giuliano G (AH8) uses absolutely the same method of solution- unique in this group of 

students- he uses with Setsl-3, namely, solving the set of equations twice, once for 

each unknown, and both by the addition method. Moreover, his maturity and confidence 

with algebraic solutions shows in his use of symbolism: if y stands for "(the price of) a 

bar" xy stands naturally for "(the price of) a box of y's", or x of y. He is never troubled 

by this potentially ambiguous notation. Finally, we think it is very significant that from a 

mature algebraic thinkcr comes the only script in the whole of this group of problems 

where the answcrs are checked against both conditions. 

5Sscc note 32, p242. 
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SUMMARY OF FINDINGS ANO CONCLUSIONS 

The analysis of the responses to the problems in this group threw light on many 

characteristic aspects of both algebraic and non-algebraic thinking, but also on the ways in 

which the two modes interact, and on the modelling processes that develop on the border 

between algebraic and other modes. 

The issue around which ali the others can be organised, is that o f meaning. Seen in 

its broader sense - and we think this is the correct approach here - meaning is related to 

the stipulation o f which elements are to belong to a model and in which way, i e, how they 

will relate to other objects of the model and how those objects can be manipulated, or what 

properties they have; meaning is related to the constitution of objects from elements, and 

inevitably linked to the perception- by the solver- of what could and should be done in 

order to solve a problem. 

In relation to this group of problems, the clearest instance of different ways of 

producing meaning from the elements of a problem comes from the Choc problem. While 

a substitution strategy involves a strong shift in meaning when performed within the 

Semantical Field of the Boxes, it does not when performed within a Semantical Field of 

numbers and arithmetical operations, as we have already seen. Another very important 

indication of the effect of the types of objects that are constituted- and, of course, of the 

effect of what the solver sees as meaningful in a problem's statement- is in the fact that 

many students simply could not make sense of the Sets problems; taken as arithmetical 

relationships, they did not provide them with information on how to solve the problem 

because to them arithmetical relationships cannot be constituted into objects and 

manipulated, being rather a forro of descriptive, static statement. The other possibility for 

solving Sets problems, modelling them back into another context, ie, interpreting the 

numbers as measures and the arithmetical operations as whole-part operations (conjoining 

and separating, for example) was thoroughly ignored by the students (only 12% of FM3 
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did that in Setsl-1; no-one else did it in Setsl-1, and no student did it in Setsl-3). The 

fact that many students were able to handle - non-algebraically - problems with the 

same whole-part structure, shows that the difficulty was in interpreting the arithmetical 

statements in whole-part terms. 

Another key element in the direct manipulation of those relationships in Sets, the 

willingness to incorporate unknown numbers or parts into the model and deal with them as 

if they were known (ie, a willingness to operate analytically), was present in none of the 

non-algebraic solutions. From the examination of the scripts to the contextualised 

questions, we learned that the lack of analiticity is a consequence of, rather than a cause 

to the use of non-algebraic models. Non-algebraic models involved a separation between 

the objects to be manipulated and the measures involved in the evaluation steps; the 

transformation of a relationship involving two parts of unknown measure can only be 

meaningful if it enables an immediate or almost immediate evaluation. For example, if one 

knows that "a long block put together with two short blocks measure 162cm altogether", 

one can derive that "i f from the total one removes the long block one is left with two short 

blocks". Although in terms of whole-part manipulation this is an easy step, it does not 

entail the immediate evaluation of any as yet unknown part and is thus, in itself, 

meaningless in the context of an synthetic solutions59. 

Only one student used a non-algebraic, "decontextualised" model60. David W's 

model is clearly geometrical. In many instances we could positively identify non-algebraic 

models through their use of objects of the eontext as objects (eg, "cut the extra bit", "move 

the extra bars to the other box" or "3 bars, the ones that count"), but even on those non­

algebraic solutions where this positive identification was not possible- leaving open the 

possibility of them using a more general whole-part scheme, based on a line-diagram, for 

example- we almost always found that the models used were constrained by limitations 

very similar to those in a model based on objects of the context (for example, to take 28cm 

corresponding to cutting the extra bit, but not add 28cm in a hypothetical move), and this 

characterises a non-algebraic model. 

Diagrams were used only with Carpl-1 and Carpl-2 problems, supporting our 

conclusion that non-algebraic solutions were almost always context-based, as in those 

contexts bar and line diagrams belong naturally as schematic representations of block 

combinations. Also, there were more diagrams with Carpl-2 than with Carpl-1, and we 

think it was so because the greater complexity of the former made it more difficult to be 

59Thcrc would also be another difficulty, in this specific case, that the J62cm is a measure 
to the combination of blocks, and only mcaningful in this respect. 
6°That means, out of the original contcxt o~ the problem 
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handled without the aid of a representation on paper. The lack of written representation 

resulted many times in the solver loosing track of the unknowns or of the solution 

process61. 

In most of the solutions using equations we could reasonably establish that the 

reference to the problems' context was abandoned, in particular through the generation of 

expressions where the minus sign could not be given an immediate non-algebraic 

interpretation, but also through a process of manipulation of expressions that could only be 

meaningful in the context of the algebraic method of solution (not enabling, as we said 

before, an immediate evaluation). The internalism of those solutions imply their 

arithmeticity, and as it is reasonable to expect that most o f those students would not justify 

their manipulation of equations on the basis of properties of numbers, this aríthmeticity 

means instead a focus of attention on the arithmetical operations as a source of infonnation 

on what could and should be done to solve the equations, thus the problems. 

Much more frequently than not, algebraic solutions were method-driven, with the 

overall control and meaning of the process being related to the process of producing 

transfonnations leading to the special fonn 

x "' f(data) 

while non-algebraic solutions were frequently constituted of a sequence of models, each 

one produced through the evaluation of a part or partia! whole and manipulated locally, 

which in many cases led the students to disregard initial conditions or to introduce new 

ones. This is not, however, a necessary characteristic of non-algebraic models. 

The relevam aspect we could detect in relation to the effect of teaching, is the greater 

flexibility of AH7 when compared to AH8. The younger AH7 group used mainly non­

algebraic approaches where the problems were amenable to them, but were inclined to 

switch to an algebraic approach whenever they were not, even when they did not 

have the necessary technique to deal with the resulting algebraic model 

readily available. This effect had already been detected in the previous two sections, but 

the greater complexity o f the qnestions in this group ma de it even more clear. 

6! Loosing track of the variablcs mcans not bcing ablc to corrcctly assocíate thc result of a 
scries of eva/uations wíth the parts or partia! wholes ít corrcsponds to; loosing track of the 
process of solution mcans disregarding onc · or more of the initial conditions of thc problem. 
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4.5 THE BUCKETS-SECRET NUMBER PROBLEMS 

THE PROBLEMS 

From a tank filled wilh 745 lit.res of water, 17 buckets of water were taken. 

Now there are only 626 Jitres of water m the tank. 

How many litres does a bucket hold7 . , 
(Explain how you solved lhe problem and why you dtd lt that way) 

Buckets 

Qucstíon 1 

Iam thinking of a "secret" number. 
I will only tell you that ... 

181 • (12 x secrel no.) = 97 

1lle question is: Which is my secret number? 
(E.~plain how you solved lhe problem and why you did ít that way) 

Se c+ 

Iam thinking of a secret number. 
I will only tell you that 

120 • (13 x secret no.) =315 

The question is: Wlüch is my secret number? 
(Explain how you solved the problem and why you did it lhat way) 

Se c-

GENERAL DESCRIPTION 

The problems in this group were designed mainly in order to check the extent to 

which a whole-part model - the most natural model to use with the Buckets problem-
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would be used to model back Sec+ and Sec-. We expected Buckets to be easier than 

both Sec+ and Sec-, and Sec+ to be easier than Sec-. 

The complexity of the problems was kept low in order that issues relating to the 

choice of model could be highlighted. 

DISCUSSION OF POSSIBLE SOLUTIONS 

Ali three problems could be modelled algebraically either directly, with an equation 

like 

745 - 17x = 626 (I) 

or first producing a reformation of the problem's situation to produce an equation Jike 

17x + 626 = 745 (11) 

conesponding in Buckets to the fact that the water taken, together with the water that was 

left, corresponded to the initial amount o f water, and then solving it algebraically. 

Nevertheless, setting the equation could serve only to make the problem's statement more 

compact, with the solution proceeding from there non-algebraically. 

Non-algebraic solutions for Buckets and See+ would probably involve the same 

model, relying on the perception of a whole-part relationship, namely the one leading to 

equation (11), and solved on the basis that if one removes from the whole the part that 

remained, what is left is the part that was taken, and this resulting part would be shared 

between the 17 buckets or into 13 parts. In relation to Buckets, the procedure is very 

much analogical and requires no further modelling or interpretation; in relation to Sec+, 

there has to be an interpretation of the subtraction as "remova!" and from there the whole­

part relationship is established. 

This model, however, is obviously inadequate to Sec-, and because it is 

impossible to avoid the acceptance of negative numbers at some point, this problem is 

naturally closer to the Semantical Field of numbers and arithmetical operations. This 

inadequacy accounts, in fact, for much of the importance of this group of problems in 

relation to the whole set of test problems; the low levei of complexity allows us to better 

examine the effect of the "push" towards the Semantical Field of numbers and arithmetical 

operations. The two subtraction items involving negative numbers (25-37 and 20-(-10)) 

were designed to provide supporting information to the analysis of the responses to these 

problems and those in the group analysed on section 4.6, one of which also involves a 

negative number as the answer. 
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GENERALDATAANALYSIS 

As we expected, a clear hierarchy emerged, with Buckets being the easiest 

problem, then Sec+, and Sec- being the most difficult. The differences in the facility 

leveis were significant in ali cases but between B uckets and See+ in AH8 and in FM2, a 

fact that we will closer examine ahead. AH8 was the only group where the levei of facility 

for Sec- was high (71%, against 14%, 15% and 17% for AH7, FM2 and FM3 

respectively), and it is very significant that ali those correct answers in AH8 were produced 

by solving an equation. As with ali the previous problems we have analysed, the levei of 

use of equations by FM2 and FM3 was very low. 

The flexibility in the choice of approach previously shown by AH7 is also present 

here in a very clear manner. Although the facility levei falls from Buckets to SeC+, the 

huge fali in the number of OKCALC solutions is compensated by an increase in the 

number of OKEQT solutions; moreover, on Sec+ two-thirds of the incorrect answers are. 

WCALC, but on Sec- this situation is more than reversed, with three-fourths of the 

incorrect answers being WEQT, and this is a good indication of their willingness to switch 

to an algebraic model whcn the non-algebraic models are not enabling thcm to solve the 

problcm. AHS also show some flexibility here, with almost two-thirds of their correct 

answers to Buckets being OKCALC solutions. On the Sec problems however, ali their 

correct and incorrect solutions use an equation; the use of an algebraic approach is certainly 

responsible for the high levei of facility for Sec- in AHS, indicating that in the case of this 

problem it represents indeed a more powerful tool for solving it than non-algebraic 

approaches. This will be examined more closely on the students' solutions. 

Because Buckets and Sec+ have an identical whole-part structure, the difference 

in the facility leveis strongly suggests that many students could not interpret the arithmetical 

subtraction as a remova/ to produce a situation similar to the one in Buckets. Given that 

many students correctly used in those and previous problems a subtraction to evaluate the 

result of a remova/, a subordination of the use of the arithmetical operation to the perception 

of the a whole-part model is established in this case, as opposed to some form of more or 

less symmetrical correspondence between subtraction and remova/. 
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STUDENTS' SOLUTIONS 

The Buckets problem 

By far, the typical correct solution to this problem was an OKCALC solution. In 

most of those (38 out of 59 OKCALC instances) some explanation was given, making 

reference to the fact that to know how much had been taken on the buckets one had to 

subtract what was left from the initial amount of water (eg,Fabiana M, AH7; Sidnei A, 

AH7; Alexander P, FM2; Rebecca H, FM3). 

Fabiana M, AH7 

"I thought... if thcrc wcrc 745 and now thcrc are 626, it mcans that 119 I. of 

water wcre takcn on 17 buckcts." 

Sidnei A, AH7 

"I did this sum to know how many litres were takcn from thc tank. [at thc left of 

script) 

I did this sum bccausc if 119 litrcs wcrc takcn altogcthcr [,] thc /ogica/ thing 

[is] that onc would have to divide to know how many litrcs go into cach 

bucket." 
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Alexander P, FM2 

I \:;.oov, 026 a~ (ro"" 746 __ wh;Ch le\'(:,me. w•lJ~ 11q 
C\tutCJe I 1q lv.j I~ a.nd 'O'* ·.?: ... \ did l+>is becov5<-> 
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cuno\)(1\:; 0'\-· t..'JO\:;eí l:ol.éen bhen ctl.nde b~ I 'f beCO\J':X> 

l+>ece. we. Ir bucJ.<eL~. 

Rebecca H, FM3 

Sidnei's reference to "the logical thing to do" seems to be his way of saying that no 

explanation is necessary as to why it is so. In ali four scripts the subtraction part of the 

procedure is taken as self-evident; in no case an explanation is provided as to why this 

subtraction correctly provides the amount taken, not in verbal tem1s nor using some kind of 

diagram. Also, in none of the solutions the intermediate step of saying or showing that the 

amount taken plus the amount left corresponded to the initial total amount was taken. 

Altogether, this is an exceptionally strong indication that the direct procedure was perceived 

as an intrinsic property of the situation and the explanation would only have to indicate 

which numbers corresponded to which "roles." Similarly, no explanation was e ver 

provided as to why the division by 17 produced the amount taken on each bucket. 

Only six solutions used equations, five correctly solved and one incorrectly solved. 

Flávia C (AH7)62 first makes a mistake by writing 75 instead of 745 on the initial equation; 

then, instead of the correct- in that context- 75-626 subtraction, she does 626-75. This 

"corrective" manipulation probably corresponded to the perceived need to produce a 

positive number as the answer or to a pre-equation perception of the calculations required to 

solve the problem. The latter seems to be a better interpretation, as hers is the only of the 

six solutions using the equation 

62Thc tcxt on Flavia's script simply explains lhat "17x ... mcans ... 17 times x." . 
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a-bx=c 
where the frrst step of the solution leads to 

bx=d 
and not to 

-bx=d 
strongly suggesting that her solution uses algebraic notation but is guided by a whole-part 

modelas in the OKCALC solutions examined above, and the 626-75 subtraction simply 

corresponds to "initial total minus remaining water", where the smaller o f the two numbers 

obviously had to play the role of "remaining water". 

1-5-(it.x)"' 62-lo 

i{x ,.. S'SI 
)(>ig.l 

11" 
X~ 3Z, ~ 

\ ' 
Voe-i' {"'.,_""'.# lt.x., ~·v .J.;,ü-,~t w·-+.·,o· 
cb_, I+ ~h.€~ x Je,.~,u:l-e """' f.t.-, "'"'- J~ +'1SL'.f.>J 

~"'e -(Q1 f<:J!'d 62 '-'iih~. 

Flávia C, AH7 

In only one of those six solutions using equations, Andrea T's (AH8), the initial 

equation does not correspond literally to the problem's statement, corresponding instead to 

the statement "the water in the buckets together with the water that remained is the water 

one had originally"- obviously derived from the problem's statement. 

J 'f ;"~ t ' ;l{g ' {'f 5" 
,'Ffx.·~ llq 

~: 1: 
.. .#U..<c.~ - ··.M,v 1)0~ .;A -:t '::>~~ ~'-'·"""'.""' 
;,~ x-, ;~ L<A' ""~ MÁ _ç.. ~oU ~ 
a.~ ~ ~ .~ ~ /..J.JoU.., ~ """- a. .0.~ 

.L·r)...<.,._ 

Andrea T, AHS 

"explanatíon- I added the 17 bucket~ multíplíed by x, bccause I don't know the 

amount o f watcr in cach bucket, wíth the watcr that was left, and [I] gave as the 

result the watcr that was thcre bcfore." 
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Andrea's procedure displays a characteristic similar to the direct non-algebraic 

substitution procedure we examined in relation to the problems in the Choc-Carp group of 

problems, by manipulating a non-algebraic model first, and then producing an equation 

from there. Ali other four OKEQT solutions proceeded without going through the 

equation 

17x + 626 := 745 

preferring instead to operate directly with the negative coefficient of x (eg, Ana RW, 

AH8). In Andrea's script we also find a clear example of the analiticity and arithmeticity 

of algebraic solutions. 

".45 -J';).x-:::- 62c;, 
- n"' ~ 6 2.G - 14> 

•-'l - n~ "'" -JI~ 
. lr:-:;-:2 

1-~S-11(-:t) -:cr,zc. 
/L,') -119 Ío G 2(, 

-~ 

Ca b~ -:;- .-& ~ .t'W'- co,d,ó.. Wd.t. 

é, WYJ Á_t,.· D -u:x/<J'l.. cJ~ A)i-A.. AMM.. a.. .__ _____ _ 
Ana RW,AH8 

The seven WCALC solutions do not provide any interesting insight or instance. 

The Sec+ problem 

Characteristic of the OKEQT solutions is that here- as before with the OKEQT 

solutions for Buckets- in ali cases but onc the equation initially set corresponds directly 

to the problem's statement. Also- and more importam, given that the problem's statement 

dircctly suggest a specific equation - in ali instances, the solvers accepted and dealt with a 

negative coefficient for x, rather than first producing the transformation into 

181 =: 12x + 97 

In two OKEQT scripts are displayed peculiar aspects of thinking algebraically. 

First, in Fabio C's (AH7) solution, one sees the constitution of a new object (12x), 

meaning more than a syncopated notation for the multiplication- even if slightly more; in 

his solution Fabio operates arithmetically with the unknown. 
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Fabio C, AH7 

"First I solvcd the operation in brackcts (12. x = 12x) then I solvcd thc rest of 

the problcm as if it were an ordinary cquation." 

Christiane T's (AH8) script is a fine example of the method-driven aspect of 

algebraic solutions, as she multiplies the second equation by -I even before performing the 

calculation on the right-hand side of the equation, in a sense treating the known numbers as 

unknown ones, but actually showing the extent to which the distinction between known 

and unknownnumbers has faded. 

J í? 1 ~ J .:Z.y. ~ q ·~ 
(·'1- A.,l,v ~ .1'b1 -+Cj'::r 

IJ.->•> A g i - "t:f 
1 Q__y = r(, 

)I • '64 -~d-

~ A 'YJ>dJ vi' v.srr k 
fl?'-l"'i' G_ ~h~ J'J:jul/f:l~:' 

Christiane T, AH8 

In three scripts algebraic notation is used but the solution process is not algebraic. 

Célia R (AH7) solves the problcm by first restructuring i!lto the equivalent of "the amount 

that was taken corresponds to the difference between the initial and final amounts"; from 

there she writes and solves an equation, and one cannot positively decide whether there 

was a shift into the Numerical Semantical Field or whether she was using literalnotation to 

describe a non-algebraic solution. In any case, the main step that allows her to evaluate x 

- the manipulation that led to the first equation- was most likely based on the perception 

of the whole-part relationship. In the other script the situation is much more clear, as 

Marcelle D (AH7) writes down the equation directly derived from the problem's statement, 

but the rest of the solution is void of further use of literal notation, and the solution process 
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corresponds directly to one guided by the whole-part relationship. Finally, Gil S (AH7) 

uses literal notation only to express the general form of the procedure he used, possibly as 

a way of justifying it; we think that on the light of what we have said so far, there should 

be little doubt that his solution was guided by a whole-part relationship. 

/':c;" 917 ó.. ~ :l - ( i2. "'1 ) :: ') 1 

H.).- 'Yh\ "'Cj:t 

Célia R, AH7 

i2- 1V ::. 1 ~ i - :;,-;; 

1 ?... )'t :: ~~ L-~ 

..., ·' [)CC u:l.c ' YG 

1'3\--: 
r ~ r - cn =- ~~ 

~'i 0_~ 

j.{, • .'G ~ C1 )­

r~\:Qt;{;;:s~st{?J 
~tt 

c :) Marcelle D, AH7 

1)1 "N' fV' -(LI.- x_FK 
N ~ - {<) c: j; ; I~ ~ #'~ )( N~ ~o::.rF i 

.9r=fZ 
1dJ( IJ~XV S 

o N.5l'1&:1fo 

Gil S, AH7 

In most of the OKCALC solutions the explanation provided indicates that the 

whole-part relationship was on the basis of the solution process (Simon J, FM3; Sarah G, 

FM3; Marcelo A, AH7; Leandro F, AH7; Jennifer J, FM3). 

Experimental Study 
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Simon J, FM3 
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161-91 == 84 
12 x ~ -::o · eq. 
!2 x.C7)"' M 

Jf:ll -{12x7) -==Jl 
Sarah G, FM3; 

Marcelo A, AH7 

"I subtracled 97 from I 8 I to know which was thc othcr factor. .. " 

4~1 ~'~:=: tlf tl-1 
e;~ ~ 

- '/ 

Leandro F, AH7 

porque 
i/ 1 I 

' : ' • / ·"?-·'" •. , • 

"I solvcd [it like this] bccausc if ú1c result=97 thcn 181-97 will give thc rcsult of 

thc multiplication ... " 

It is central that the form in which it is expressed is of no importance, as the 

decomposition process is always clearly visible. The use of a letter (the "A" in Simon's 

script), a verbal specialised term ("factor", in Marcelo's), ora more or less standard, non­

Jiteral notation (the question mark in Sarah's) do not make the solution essentially distinct 

from those using verbal, relatively neutra! references ("the multiplication" in Leandro's or 
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"the sum" in Jennifer's). As with the OKCALC solutions to Buckets, there was never 

any explanation as to why the subtraction would produce the remaining the value of the 

remaining part. 

In some of the incorrect solutions the source of the errors can be traced back to the 

use of loose and incorrectly generalised, verbally forrnulated roles like "undo it using the 

inverse operation" or the rules for the manipulation of algebraic expressions (Rebecca H, 

FM3; Sukhpal S, FM3; Ana Lúcia E, AH7). Nevertheless, in this kind of behaviour one 

can identify the focus of attention being at the arithmetical operations- even if it does not 

result in correct procedures -- and this evidences at Ieast a willingness to limit one's 

attention to the arithmetical context, a necessary aspect if one is to operate within the 

Semantical Field of numbers and arithmetical operations. 

i lc.·::~ \+;:' Cíf- Ci•Yl + ~\_ l~'j 10,1 LY·cc~(5:' , l \S v\'\: 

.:-~pp-:~~>,l-< c:\ ~ ono L-:' l U·1 H>;X nun11x) tÍi + '~~3l 12! 

D~·ccLt:i' c L iS H li? c,Hrf:,, ~c, .. ~;)- .~ . 

Rebecca H, FM3 

Sukhpal S, FM3 
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j 'i3' 1 -12- .(-'lt)"' ,~ 

K -=- ?lt ... 1 '2.. --1 81 
X -;. 1-2-

Ana Lúcia E, AH7 

l,1(' . ..-.· 

-.co J • • ,·, · ~_;-:,•' 'i~~ '.,. 
c~uçLl ~-·L \··(, 

J~cttl..J ...P-- (·r t:' ,,.,.,y 

~- -'-"•"'-->:. l 
v~-- /_ ·-- <_- _-, l . ' )_ ~ 

"I changcd the sign of the parenthcsis ... " [as if it wcrc an addition or subtraction 

instcad of a multiplication] 

One script in this group is of interest to us, because it employs a unique approach 

(Cecília B, AH7). 

(JOJ\A to:.~.J\.. '-* ~ t.u. "'Lúvt. ~ ~W}'-vv;,:- .tG- l&"Yh N.Á,~­
}\fu ""'~ • * 

VJ ,) 
:. .~ ~ -oi?Lj 

-~~..: tu• ~;_i. 

Cecília B, AH7 (solution to Se c+) 

"To do this test I had to imagine it with smallcr numbers" 

on thc left, parallel lo thc margin: 36 • (2 · secret no.) = 20 

on thc right-hand con1er: "to sec i f it's correct" 

From the simpler example, Cecília works out the string a calculations that leads to 

the solution of the equation, and simply applies it to the original numbers. On one hand, 

her solution seems to rely completely on insights emerging from the simpler example; the 

solution is thoroughly synthetical. On the other hand, she easily accepts that the 

"algorithm" can be applied to a problem from which she did not feel able to derive the 

solving steps, ie, that the range of numbers to which it applies is not dependent on 

properties of the small numbers on the "exemplary" case and the relevant factor is the 

numerical-arithmetical structure. Even more striking, Cecília applies exactly the same 

method to solve Sec- (script also shown beilow), and the "simpler problem" she uses with 

Sec- is not, as one might have expected, in direct correspondence with its statement, 

where the "result" (ie, the number on the left-hánd side) is grcater then the "starting 
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number" (íe, the number from which a multi pie of the secret number is subtracted). The 

"simpler problem" she invents is 

20 • (4 x secret ne.) = 12 

from which, knowing that the secret number is 2, she correctly derives the solving 

algorith m as 

secret no. = 20-12 
4 

The crucial step, thus, is that she puts in correspondence the numbers in this model 

with the numbers in the problem's statement, regardless o f the fact that in Se c· the "result" 

is greater than the "starting nwnber," and correctly applies the algorithm, paying attention 

to the order of the teims in the subtraction and of the sign of the final answer. It is clear that 

the process is carried out completely within the Semantical Field of numbers and 

arithmetical operations, as control of the operations depends totally on the arithmetical 

articulation of the paradigmatic expression. Hers, however, is not an algebraic solution, 

as it is synthetical hy the very nature of the solving technique. 

I;.OJt<> ~~xoC,o;_v<, "-'-'-~· v.1J._ G01:,t.B ~.,.<..&fck.l '); ,0 

<Lo - ( 4 " "'' ~ ) • I ;l_ ":10. 'l-"-""- ,_ l'v" <.' ;;,_ • &....r:-> 
'!LI lrl <:.kho~ ""-- t=<'-<' ~ ~~ vv.:.. VVV._]\J;}c 

G.NíÃO ~ 
I;;>O-;>t5:-13S 

-l~Sol;:,, -1'5 

"'-'>\ ;{n"to : o •J' l:>u>·V:L.« < - l S . 

Cecília 11, AH7 (solution to Se c-) 

"To find oul, I invcnted this mhcr problcm: 

20- (4 x secrct no) =12. I know thalthc sccrcl numbcr is 2. So I saw how onc 

can, with thosc numbcrs, to gct to 2.] 

Then ... " 

i 

Finally, we have Melissa R (FM3). The first step of her solution - evaluating 

"what is between the brackets"- seems clearly based on the whole-part relationship. The 

second step, however, instead of representing an evaluation of the sharing is explicitly a 
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manipulation of the newly established relationship, namely 12·x=84, based on syntactical 

transformation. We would not go so far as to say that she was fully aware that the 

"reversing of the multiplication sign" stands in fact for a property of the operation, but the 

source of information on what to do next was certainly the numerical-arithmetical 

expression, in particular the multiplication operation. We have thus a mixed solution. When 

she solves Se c- (script also shown bellow, together with the script for Se c+), she first 

concludes for the answer being 15 and only then adjusts the answer to -15 in order for it to 

fit the problem's statement (15 is encircled at the top-left comer of the script, and the minus 

sign at the end of the string of calculations on the first line was certainly inserted 

afterwards, looking "squeezed" between the equal sign and the number); the adjustment is 

made by assuming that the 195 had to be negative (and she puts a minus sign to the left of 

195 on the first Iine, which is later obliterated). Her solution does not proceed through 

successive transformation of cquations, but much of it is clearly performed within the 

Semantical Field of numbers and arithmetical operations; again, Melissa shows flexibility in 

mixing differcnt models, but she is successful only due to the extreme care taken in seeing 

that the overall result was adequate in relation to the original condition set on the problem's 

statement. 

\c <y~ 8 nc \"(' \--c:lp ':f'· c.c•lh ,_:i-,,\. l<:-. 

ucc cd '"" 2_, ;,. . ''-~ '· ",~. J 1 - 'v' rr ,.. IE\'~.>::"e 

rl.v,~:wn é":ncl d.v<k 1"',.1. Dj O 

~h.;- ~~d\ '{'\'-'_-c,\--:-.-. ~,~-r­

k: :~r+ \h:_-_ é,\(r:-.t .. }.:{ ·r 

Melissa R, FM3 (solution to Sec+) 
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Melissa R, FM3 (solution to Sec-) 
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The Sec- problem 

The main difficulty in dealing with this problem using non-algebraic models is that 

the whole-part model that worked so smoothly with Buckets and Sec+ simply does not 

make sense in this case, as Daniel S (FM2) puts it. 

"1\.:v.. .. s + 1/í;íJ; 12~ so 

.,;JJ fa.\ op eNe./l s,..,. 11 ,.. 

Daniel S, FM2 

The observation at the bottom line might indeed serve as the seed o f a conective 

approach that can be used to make a wlwle-part useful. By assuming the secret number to 

be negative, one immediately has that the subtraction notationally indicated is not "in fact" a 

subtraction, but an addition, and the problem is reduced to 

120 + (13 x secret no) = 315 (equation I) 

which can be easily solved with the help of a whole-part model. In Mi P's (FM3) solution 

the minus sign is added to the answer only after the "amount" is found; Sophie W (FM3) 

on the other hand, worked out the value of 13xsccret no to be -195 and proceeded from 

there by dividing it by 13, as also did Jennifer J (FM3, script not shown). In both Mi P's 

and Sophie's solutions the main step relies on a property of numbers, but the use of the 

whole-part relationship is also crucial. The perception that the secret number is negative 

expresses not only the numerical treatment of the problem, but also some degree of 

analiticity in the approach, as the secret number- yet unknown - is taken as having a 

property, which means it h as been made in to an object. 
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MiP,FM3 

Sophie W, FM3 

Attempts to use a wfwle-part modellacking the perception that the secret number is 

negative, Jed to two types of error. In eight cases the solver simply assumed that 315 

corresponds to the whole and that 120 and 13·secret no correspond to the parts (eg, 

Marcelo A, AH7), as if the problem said 

315 - (13 x secret no) =120 

and the problem is solved as Sec+ would be using a whole-part model. 
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Marcelo A, AH7 

"First I subtracted 120 from 315 to know which was lhe number in lhe brackets 

and then dividcd this numbcr by thirtccn." 

H e cncircles 15 and writcs "sccret numberu 

We can safely conclude that this inversion is caused by the "meaninglessness" of 

the original statement in terms of wholes and parts, as expressed by Daniel S two 

paragraphs above, representing an attempt to make sense of the situation, as ali eight 

student who produced this type of solution had solved Scc+ using a whole-part model. 

Another inversion produced by students in the problem's statement was to take the 

subtraction 

J 20 • (13 X SCCI"Ct no) 

as actually indicating 

(13 x secrct no) - 120 

which also restores the meaning in terms of wholes and parts (David B, FM3). 

David B, FM3 

Five students produced this type of solution; only two of them had COITectly solved 

Sec+, both OKCALC solutions, one was a T&E solution, one was NATT, and in one 

case a similar error was made there as here. If one thinks in terms of a hierarchy, it seems 

that incorrectly reversing the terms of the subtraction (second type of error) represents a 

cruder etTor than adjusting the roles of the numbers involved (first type of error), as the 
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students doing the latter error seemed to be operating much closer to a consistent model for 

dealing with problems of this kind63. 

To one of the students, Luís N (AH7), the drive to make sense of the problem's 

statement in the context of whole and parts was so strong that he simply "corrects" the 

statement, to produce equation I we showed a few paragraphs above, without realizing that 

the number coming from the new equation would have to be adjusted to fit the problem's 

condition64. 

1:1~+120,:,[<:, 

/?»<::',/:,.,.,?O 

,.,,..~~ '~" 
)( ; I~ S! ,, 

><; 15 

Luís N, AH7 

"I solved lhe brackcts 

uscd a propeny and found oullhe unknown (x) 

I alrcady kncw it [how to do il]'" 

Marcelle D (AH7) uses algebraic notation; at first sight it might seem as if she 

simply misapplied rules for the manipulation of equations65. On the light of the analysis of 

the previous few paragraphs, however, we are led to conclude that in fact she made sense 

of the equation by producing the same reversion of the subtraction as David B above. Her 

solution to Sec+ also begins with an equation, but proceeds with calculations only. 

63Disrcgarding thc ordcr of thc tcrms in a simplc subtraction is a mistake that has becn 
idcntified by severa! rescarchers, and it might have contributed to making lhe mistaken 
reversing more acceplable to lhose studenls. 
64Jt is impossible to decide from the scripl only whelher he solved the rcsulting cqualion by 
lhinking algebraically or whelher he stayed wilh lhe whole-parl model, bul bccause of lhe 
sccmingly cause for the "cofrcction", wc would - more as a matter of cxcrcising 
interpretation than as a mattcr of this dccision bcing relevant -~ prefcr thc 1atter 
interpretation. 
65Namcly, "changc sidcs, changc sign", with thc "-'' sign sccn as "belonging" to 120. 
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!.Jo-13-c~3\S 
l3 -.:.:.."" 315 -1- I .(O 

l3 c='- LJ35 
13 ~ '::0. 43__<:""..,.. )3 

't=- 33 
Marcelle D, AH7 

As it happened on Sec+, almost ali OKEQT solutions reached at some point the 

equations 

-13x = 315 - 120 or -13x = 195 ; 

in most of them the solver multiplied both sides by -I (Flávia C, AH8) to obtain 

13x = -195 

and in a few cases the solver carried on with -x, dividing first by 13 and only at the end 

reversing the signs on both sides. Fábio C (AH7) directly reaches an equation of the form 

13x= •.. , but this step is justified in terms of the process of solving the equation, and not 

in tem1s of a relationship derived from the initially given whole-part relationship. It is 

significant that this fmn1 of control of the process results in a correct derivation, while 

Marcelle- even with the support of literal notation- and other students whose solutions 

were guided by a whole-part model failed. By shifting the meaning of the process into one 

closely related to the method ofmanipulation ofthe expressions, away from the context of 

evaluation of measure of parts, Fábio's approach overcornes the difficulties involved in 

making sense of this problem within a who/e-part semantic. 

1Zo- (13'y)"' 315 
p.O -1.3 y ::;; ~16 

-13)' "' 511? -12.0 
-13;>< :;. 4~ 5 

HV 13 "~-V'l.!7 
J<"'-~05 

.... ~ 
,..,.~- 4.5 ~ ' 
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Fábio C, AH7 

"I solvcd as if it werc an cquation. 

First I solvcd the brackets, thcn I moved the sccret numbcr (x) to one side and 

thc numbcrs to thc othcr, then it's only to solve thc equation." 

In severa! WEQT solutions, the solver arrives at either 

-13x = 195 or 13x = -195 

only to produce 15 (instead of -15) as the answer. Difficulties with the division involving 

a negative number could certainly be responsible for the incorrect result, but one script 

suggests another possible source for it (Ana C, AHS). Although keeping the algebraic 

correctness ata syntacticallevel- in this case, keeping the coefficient o f x negative- it is 

possible that the modcl underlying the reasoning was in fact based on the perception of a 

whole-part relationship; in Ana's script this is indicated by the fact that she refers to "the 

number 'x"'- probably a reference to the amount taken -~ and also to it being "'13x'", 

but she never refers to the negative coefficient or to the fact that her reasoning would have 

to be complemented by something like "but in fact each x is negative". The perception that 

the result had to be a negative number did not come from the awareness that "I subtracted 

something and it got bigger" nor from the recognition that the coefficient was in fact -13 

and not 13 -~ and thus the divisor would have to be -13 were she "reversing" the 

multiplication. Both aspects being essentially numerical-arithmetical, this lack of 

understanding supports the case that the model underlying her solution process was indeed 

a non-algebraic one. Ana's solution to See+ (script bellow) is similar in this respect to the 

solution to Sec-, as she correctly keeps the minus sign but does not deal directly with it 

(when most OKEQT solutions did), and the process produces a correct result only by 

virtue of the "friendliness" of the problem; the written explanation certainly con·esponds to 

a solution guided by a whole-part modeJ66. 

66ünc might argue that shc justifics thc division as rcversing the multiplication and this 
brings the solution closcr to an algcbraic one, but wc think thc crucial and charactcristic step 
hcre is deriving 12x=84 from thc initial statcmcnt, as in algcbraic tcrms this would involve 
directly manipulating thc unknown. 
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Ana C, AH8 (solution to Sec-) 

"If you subtract 315 from 120 [sic] you'll havc thc number "x". But as there 

"13x", you have to divide by 13." 

Ana C, AHS (solution to See+) 

"You have a number (181) that taken from the unknown number [our cmphasis] 

gives a result (97). If you take thc amount of the result (97) from the 1st 

amount, you'll have thc diffcrence betwccn thc two. As 12 is multiplying, you 

move it to thc other side dividing." 

Fabiana M's (AH7) script is very interesting for severa! reasons. At first she tries 

setting and solving an equation, and it seems that she tries to "distribute" the minus sign 

over 13x (top-left comer); as the resulting expression is not meaning[ul to her, ie, she 

cannot get information on how to proceed with the solution from ít, she shifts to another 

model, which is clearly based on a perceived whole-part relationship. From the verbal 

explanation we learn that she had already transfonned the problem- inadequately- into 

one equivalent to the additive equation I some paragraphs above (" ... a number that 

multiplied by 13, +[!]120=315 ... "). We think it is extremely significant that the model 

takes control of the solution process to the extent that the simple arithmetic rules are 

subordinated to its semantic; it is enough to observe that on the three !ines of expressions 
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(top, center-right), the subtraction notationally indicated is never meant to be one, as it is 

revealed on lhe third Jine. Fabiana had solved the item 25-37 correctly, whích indícates 

that the disregard for the rules of arithmetic were not a mistake but part of operating in 

another Semantic Field. 

\;J,::;- ( (;:, ,-x_.) = 315. 

i.:.IO -13. - t-

Fabiana M, AH7 

f,· • .:J - (• ;:.. - ·-· 
, .• '!C\5 I c'-1 :,::.: 
'·'--- \ ' ..._> c 

1<><.0-+ HS ~ 2-1 G 

I I ~- . Ú(} +rti 

"In ali mathematical expressions we first solve tl1c brackcts, then I would havc 

to find out a number that multiplicd by 13, +120=315. That's why I took thc 

120, that wou1d bc added !ater, and dividcd the rest by 13 to find outthc othcr 

numbcr." 

Leandro Fs (AH7) solution offers usa rare instance of algebraíc thinking without 

manipulation of literal notation or algebraic expressions. The expression he derives for the 

secret number is correct, and it takes into account that if the secret number is to have a 

positive coefficient - or, as he would possibly put it, "for the secret number to be 

'positive'"- the correct subtraction is 120-315, and h e also ·Uses the brackets correctly. 

We think Leandro's solution is substantially different from those in which an awareness 

that the secret number was negative existed but the solution process proceeded within the 

context of the additive equation, and this difference is clearly shown by the fact that from 

the beginning the terms involved in the calculations he indicates are correctly signed; there 

is no transformation of the problem with an adjustment a posteriori to fit the original 

condition of the problem. I-Iis verbal explanation is very confuse, and almost nothing more 

can be gathered from it; we produced a very literal, almost word-by-word translation in 

order to convey this state of things. For ali we said above, the fact that his final answer is 

15 and not the correct -15 only supports our interpretation, once it indicatcs that he was 

not aware beforehand that the answer had to be negative, and produced the necessary 

transformations on the basis of his perception of the numcrical structure of the problem's 

statement. 
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Leandro F, AH7 

"I found out it was minus bccausc of the - sign in front of the brackcts and also 

it was possiblc to know that thc result-120 and whcn I did thc calculation and 

dividcd by thirtccn to scc i f it would bc possible." 

I 
I 

Finally we examine Vicky H's (FM3) script. There are two points of interest. First 

she rewrites the problem's statement using letters not only for the unknown, but also for 

known numbers. According to our traditional usage, she is not distinguishing the known 

numbers substituted from the unknown one, as the choice of letters seems to indicate a 

mere sequential A-B-C fromleft to right. On the other hand, she distinguishes A and C as 

having a different role than 13, which she left as a dcfinite number. We think that she was 

trying to put the problem's statement in a general form from which she could derive a 

pattern and a solution procedure. The generalised form she attained appears to bring three 

things into consideration: 

(i) a possible whole-part model, which does not fit back into the problem's 

statement, as C<A (and she crosses out the generalised expression) 

(ii) the perception that the subtraction had in fact to represent an increase, and thus 

an addition (and she concludes that "275 are needed"), and 

(iii) the perception that the secret number had to be negative in order for the 

subtraction to result in an addition (and she gives as the answer -2.5). 

There is no reference as to how she found those numbers, which are thoroughly 

incorrect. Nevertheless, her solution exemplifies the process o f trying to make sense of the 

problem, and the successive changes in the understanding of the problem through this 

effort. The conflict betwecn the general whole-part scheme and the situation posed by the 

problem is clear, as also are the necessary intervention of a knowledge of how numbers 

behave and the disadvantage of having to search through different new models when an 

algebraic model would be equally adequate for A>C and A<C. 
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SUMMARY OF FINDINGS AND CONCLUSIONS 

As we expected, a hierarchy appeared in relation to the facility leveis of the three 

problems, with Buckets being the easiest and Sec- the most difficult; although the 

difference between Buckets and See+ is not significant for AH8 and FM2, in AH8 there 

is a definite shift towards solutions using equations in Sec+. 

Of ali students, 83% correctly solved the item 25-37, and 56% correctly solved the 

item 20-( -30), which strongly suggests that the inability to produce correct solutions to 

Sec- without using equations is due to the students' lack of willingness to operate 

numerically, ie, within the Semantical Field of numbers and arithmetical operations; this 

behaviour had been observed on the analysis of the previous groups of problems, but what 

makes it particularly significam here is the fact that Sec+ and Sec- are not only identical in 

terms of their arithmetical articulation, but also ali the one-step strategies that are available 

to reduce Sec- into a problem that can be modelled by a whole-part model - eg, 

presuming that the subtraction "is in fact" an addition", or simply considering the solution 

to Sec+ and applying it as an ai~:orithm to Sec-- depend in varying degrees on operating 

numerically, and the low levei of complexity of the problems only highlights this aspect of 

the students' difficulties. 

The percentages quoted at the beginning of the previous paragraph also accentuate 

the significance o f the fact that many students reconstructed the problem in order to make it 

meaningful within the context of wholes and parts, showing that for many students the 

first-choice model is a non-algebraic one, in particular, a non-numerical one. Cecília's 

script establishes with great exactness that an analogy can be built between Sec+ and Sec­

in a way to engender a method to correctly solve Sec-, but this analogy is only possible 

within the Semantical Field ofnumbers and arithmetical operations. 

Fabiana's solution, on the other hand, shows that the meaning of arithmetical 

operations can be adjusted to one's use according to the model being employed when one is 

operating in a Non-numerical Semantical Field. The important insight here is that many 
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"mistakes" that have been used by researchers to characterise misconceptions might in fact 

be conceptions within a Semantical Field other than the one intended by the researcher, ie, 

it might be truly useful to consider that those students are not in fact thinking of what the 

researchers thought they were. 

One important aspect related to the use of algebraic notation emerged. We had seen 

in solutions to previous "secret number" problems that employed equations that the 

substitution of specific symbols for "secret number" - usually x - was taken by many 

students as making the problems' statements into equations. In the explanations to their 

handling of Sec+ and Sec-, a number of students referred to "13x" being the result of 

"13·x", revealing that the notion of representation was not readily available to them; this is 

a central part of meaning in algebraic thinking, and we think the lack of such 

understanding might represent a substantial obstacle in dealing, for example, with 

substitution solutions to sets of simultaneous equations. Also, the lack of the notion of 

representation might constitute an obstacle to the development of an understanding of 

thinking algebraically as proceeding within the Numerical Semantical Field, and thus, an 

obstacle to the constitution o f the notion of numerical-arithmetical structure. 

Finally, a few scripts-in particular Sophie's and Mi's-threw Iight in to the use of 

algebraic and non-algebraic approaches on different stages of the same solution process, 

highlighting the possibility of usefully combining algebraic and non-algebraic models, and 

at the same time emphasising the dissimilarities between them. 

4.6 PATTERN-SALESPERSON·SECRET PROIILEMS 

THE PROBLEMS 

Experimental Study 

Owles. seUs cars, and he is paid weekly. 
H e eams a fixed .tJ 85 per week, plus .05 for each car h e seUs. 

This week he was paid a total o f !360. 

How many cars did Charles sell this week? 
(Explain how you solved lhe problem and why you did itlhat way) 

Salesperson · 
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lter you have a pattem of tilcs: 

·­.. 
'""' 

... 

One possible fonnula lhat gives the number of white tiles lhat go wilh a certt 
number ofblack tiles is: 

no. or whites = (1 x no. or blacks) + 6 

How many black tiles are needed, if I want to use 988. w~íte tiles? 
(Explain how you solved lhe problem and why you dtd 11 that way) 

Pattern 

l am thinking of a "secret number". 
1 wiU only tell you thal 

(6 x secret no.) + 165 ::::: 63 

The que1aion is; Which is my secret number? 
(Explain how you solved lhe problem and why you did it that way) 

Secret 

GENERAL DESCRIPTION 

(i) Patt, is a problem where both the generation of a pattern of black and white tiles 

and a fonnula relating the number of tiles of each colour on any composition respecting the 

pattem are given; the central objective was to investigate whether students would prefer to 

solve the problem reasoning directly from the spatial configuration or would use the 

fommla given, and how they would manipulate those referents; 

(ii) Salesp, is a very elementary problem about a salesperson who earns a fixed 

salary plus commission for each item sold; we never expected this problem to offer any 

difficulty to our students. It was included with the main objective of verifying how the 

students would justify the choice of arithmetical operations employed - would any 

justification at ali be offered; we expected students to explain the use of the operations (eg, 

an addition used to know ... ) but not to justify the choice in terms of a more general 
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scheme, numerical or otherwise, the reason for our expectation being the great familiarity 

with the type of situation67. The Brazilian version uses fridges instead of cars to make the 

numbers in the problem smaller. 

(iii) A "secret number" problem, Secret, is stated in a syncopated form, rather than 

the usual verbal one; in this problem the solution is a negative number, and we expected it 

to be significantly more difficult than the other two. It was included in this group to allow 

us to examine the models produced in a situation where a whole-part model is not 

immediately available. 

DISCUSSION OF POSSIBLE SOLUTIONS 

Ali three problems in this group can be solved with an equation in one unknown, 

b + ax =c 

If this approach is used, the three problems would present a very similar facility 

levei, as the only one where an equation is not immediately given, Salesp, is very 

straightfmward in verbal structure. 

Patt offered the alternative of working ou the basis o f perceiving, for example, that 

if the three white tiles at each end of the pattern are removed, one is left with a simple 2 

whites to 1 black ratio. From this point of view, the formula provided with the problem's 

statement would be an unfortunate choice, as the non-algebraic procedure we have just 

described would use the same calculations as algebraic solutions employing the formula, 

and this makes the more difficult to distinguish between approaches. However, the 

alternative would be to give, instead, a formula such as 

no. of whites = 2 x (no. of blacks +2) + 2 

which is obviously more complex than the one we decided to use, making a direct 

comparison with Secret- an importam point --more difficult. 

Secret could also be solved through the perception that the answer had to be a 

negative number, leading to the transformation of the problem into 

67 Another situation equally typical and familiar would be, for example, a problem involving 
change and the buying of severa! of the same items. 
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165 - 6n = 63 

which would be solved as See+ in the previous group of problems, possibly based on the 

whole-part relationship. 

The obvious solution to Salesp would be to consider that the total income is 

composed by the fixed part together with the commission for sold items, so to know how 

much carne from selling, it is only necessary to take the fixed part from the total income, a 

procedure based on the perception of a whole-part relationship. 

GENERAL DATA ANAL YSIS 

Two unexpected results emerged. First, the overall facility levei for Secret was 

56%, much higher than we expected, specially if one considers that the other "secret 

number" problem with a negative answer (Sec-) had one of the lowest facility leveis of ali 

problems (27%)68. Second, in the Brazilian groups Patt was more difficult than Secret, 

while in the English groups this is notthe case; this fact is surprising given that Patt offers 

not only the equation but also the support of a diagram, and even more so if one considers 

that AH8 proved to be very proficient in solving equations. One likely explanation is that 

the context of a pattern of tiles might have confused the Brazilian students, as this is a very 

unlikely context for a problem in Brazilian schools, while it is a very common one in 

English schools. A close examination of the students' solutions will provide further insight 

on the reasons for this result. 

Also unexpected was the very low levei o f facility for Patt in FM2 (18% ), as this 

problem should be familiar to them and offers no difficulty with the numbers. 

Nevertheless, while for Secret 71% of the scripts were NATT, 53% of the students in 

FM2 attempted a solution to Patt and failed, suggesting that they at least felt the possibility 

of producing a correct solution. 

In agreement with the result of the previous groups of problems, the Brazilian 

groups preferred to use equations whenever they were suggested (Pattern and Secret), 

while in the English groups equations were used by only one student in Secret. 

Salesp was the easiest problem in ali four groups, with an overall facility levei of 

84%, identical to that of Buckets, in the last group of problems we analysed. As the 

68 Although the facility levei in AHS is very high (89%), forcing the overall result up. one has 
to observe that the percentages for AH7 and FM3 are very much in agreement with the 
overall result. 
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scripts will further demonstrate, those two problems were treated in very much the same 

way, with the choice of operations being taken as "logical" and never justified. 

STUDENTS' SOLUTIONS 

The Patt problem 

Ali but one correct solutions to Patt from the English students- most of them on 

the third year group- were OKCALC, and many of them were justified by appeal to 

"reversing the formula", "reversing the procedure", etc .. (Ian C, FM3; Joe V, FM3; Katy 

S, FM3). 

.. 
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-~Jnct;V :I'.<_ ..,_ , " / / 
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JoeV, FM3 
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Katy S, FM3 

Although this type of justification was given to other problems, what is remarkable 

here is the high proportion of students producing it, together with the specific notation used 

by some students, suggesting a strong influence of taught models. No student actually used 

a "boxes and arrows" diagram (figure Pau 1), but the treatment of +2 and +6 as operators, 

rather than treating 2 and 6 as operands, is clear. Those solutions are numerical­

arithmetical, as they are guided by properties related to the arithmetical operations only (as 

it is made clear in Joe's solution), but they are not analytical; the secret number is perceived 

as an initial state and never directly manipulated. Also, the solution process concentrates 

only in producing "the way back", so to speak, and the transformation of the arithmetical 

operations into their inverses never involves the manipulation of a numerical-arithmetical 

relationship. 

X 2 +6 
) 

[] 
) 

fig. Patt 1 
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In the Brazilian groups, on the other hand, ali but three of the correct solutions are 

OKEQT. In most cases the solution of the equation is 

988 = 2x + 6 
988 - 6 =2x 

982 ::: 2x 
982 

X::: z = 491 

or very similar. As we pointed out before, it is impossible to decide-in the absence of 

further explanation about the underlying model-whether this solution is guided by the 

"undo" perception linked to the "machine" model, by the perception of the whole-part 

relationship, or by a numerícal-arithmetícal model. In some cases, however, the solution 

of the equation involved steps that clearly characterise them as numerícal-aríthmetícal, and 

the manipulation of the term involving the unknown characterises the analitícity of the 

solution, so those solutions are truly algebraíc (Mamicio N, AH8, who uses a normal form 

of the equation; Rogério C, AH8); in Maurício's explanation we have a further 

characterisation of the analitícity of his solution, as the unknown is treated explicitly as a 

number. 

qgg:: o?-;& f(? 

- ,ç:i.- -" t q88:. 0 

-o?;c. + 6'fé3-2= o 

M/? - '7 e:z =o 

o2~= 4/3.2 

;;G-:C1fj;t. -o? 

(~~ 4"i11 

Maurício N, AHS 

Sã:-> 46B B0>.>JL05 E 8V 
mvLn'Plíot..K:; pof? oZ o w: t>E 
p{L<=roS QV-E É, ?(. • ~ E: ~~ 
6. O ~w/.J-p, z:o i o ,v:! o6 
fiZt:1Q5. 

"There are 988 whitcs and I multip)icd by 2 lhe no. of blacks and that is x. And 

addcd 6. The rcsult is thc number of blacks [sic)" (thcre should be no doubt from 

his script that he actually mcant "ú1e number of whites") 
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Rogério C, AH8 

In another OKEQT solution (Andrea M, AH8), the evidence for an algebraic 

solution is direct from the explanation. 

Andrea M, AH8 

"in the statement thcrc was thc formula. And also thc no. of white tiles, so, it 

was only a matlcr of substituting into thc formula thc variable (no. of whitcs) 

by the numbcr given. And thcn to scparatc variable from numbcr." 

Three solutions- ali coming from Brazilian students- treated the problem as one 

directly involving proportion, most probably suggested by the "8 whites for 1 black, etc." 

subtitles to the illustration69. Both Mariana O's (AH8) and Mairê M's (AH8) solutions are 

incorrect dueto a mistaken perception of the relationship between the number of white and 

black tiles. Mariana's is clearly based on an algebraic model for solving the proportion: it is 

69That no English studcnt made this type of mistake suggcsts that thc unfamiliarity of the 
Brazilian students with the problem also played a role. 
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numerical-arithmetical and analytica/, with the focus being in detennining the number of 

black tiles. 

::: 

6..u... ~~ perl~ 0.... ..JS }"''~ 
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~ ~ ~ 
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r"''Cb. Q .4-t_ ~ c:'o._ ' "'- ~CVJvü .I(. 

Mariana O (AHS) 

"I found out bccause thc first fraction has to bc proportional to thc sccond, thc 

third and so on ... " 

~ 

Mairê's solution, howevcr, is synthetical, as the focus of the solution process is in 

determining the multiplier that multiplied by the number of black tiles in the simpler ratio (in 

this case, by 1) will produce thc number o f black tiles corresponding to 988 white tiles. 

q t ,j [;<tA.<ICDS ~ ? p"-<'70$ 

{jj f)PA ,,o> ,.. •• { pH>O 

q /d ' d ' 1.0 . 5 )!' j 
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"""'<'() ..;., I'~"" cóJ 0\ 6 

~~~· 
q ~rf fhcv>KO? ~ I ol 'f ~O>. 

Mairê M (AHS) 
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( 13 W}"' c-- ~) -'-• $;,­

satv. ~= "J ".J.;..-. 
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Left: "988 whitcs for? blacks( ... )8 whitcs for I black ( ... )988 whites for 123.5 

blacks, but wc can't split thc tilc, so: 988 whites for 124 blacks." 

Right: "!f for I black thcrc are 8 whitcs (8 times more), thcn il's only a matter 

of knowing how many '8' thcrc are in 988 imd multiply by I, bccausc it is I 

black for 8 whitcs" 
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Around a third of ali WCALC mistaken solutions resulted from the incorrect use of 

the "reverse the fmmula" approach (Dawn H, FM3)70, 

-,..,.._---r;~ 

~ 

qg-é ~2-= 4--q 4--G = ~6 
~f~ f{~ l;-Cf(fo )<Z ~c~'?' 

DawnH,FM3 

In Laura G (AH7) we have a behaviour that is as close as one can get to a pure 

syntactical "shuffle": "white" and "black" are swapped, and the operations "reversed" 

without any regard for the arithmetical articulation or to the meaning of the resulting 

transformation within the Semantical Field of numbers and arithmetic operations. 

Nevertheless- and this is an important point in relation to meaning- from Laura's point 

of view not only the procedure enabled her to find out the answer in an acceptable way, but 

she was also able to correctly distinguish the symbols for the operations and associate them 

correctly with the symbols for the corresponding reverse operations; however, she has 

certainly not grasped the intended meaning that the teacher tried to convey. 

)-G\~J 

o ' 

LauraG, AH7 

70Jt is interesting that at first she incorrectly applics the "reverse thc formula" approach, 
not rcgarding the order in which the opcrations would be pcrformcd wcre the formula being 
uscd. When she tries to chcek the rcsult against the original formula, it naturally does not 
work, but instead of rethinking the solution proccss, she altcrs the chceking "tcmplate" to 
fit thc mistakcn solution procedure. 
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It is interesting that although the preferential approach to produce correct answers in 

AH7 was to solve the formula as an equation, more than three-quarters of the mistakes 

come from WCALC solutions, suggesting that even those solutions "by equation" might 

well have been guided by a contextualised model, as a failure to produce an algebraic model 

is strongly associated with a failure to produce a contextualised one. 

The Salesp problem 

As we expected, ali the explanations provided with OKCALC solutions (which 

account for 77% of ali answers) corresponded to the model "take away the fixed part from 

the total and see how many cars (or fridges) it corresponds to". The "explanation" for the 

initial subtraction is always a non-explanation (ie, "that's what you do"), and there was 

never any attempt to relate it explicitly to a whole-part relationship, the procedure being 

considered as self-justified (Fabíola, AH7); in a few scripts only there is a slight hint that 

the perception of a whole-part relationship might have guided those solutions (Aluízio A, 

AH7; Jacob B, FM3; Tarek S, AH7). Both Aluízio and Jacob seem to use a comparison of 

wholes strategy, while Tarek uses a whole-part decomposition model. 
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Fabíola, AH7 

She gets a 10,200 salary, so I took 10,200 from 11,480 (the money shc e.1rncd) 

what is lcft is evidently [lhe moncy earncd] becausc of lhe fridges ... " (our 

emphasis) 
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Aluízio A, AH7 
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"Explanation: if shc got 10,200 + 160 for cach fridge (fixcd salary) and this 

month she gol 11,480, then I have to calculate the differcnce bctwccn thc two 

salaries to know how much she got in excess ... " (our emphasis) 
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Jacob B, FM3 
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Tarek S, AH7 

"!f thc fixcd salary of 10,200 is takcn from thc total incomc thcrc will bc lcft 

only the [moncy] earncd from thc fridgcs.,." 

The focal point here is that in ali thrce cases, the choice of subtraction is not 

informed by the arithmetical articulation of an equation, but by the need to evaluate parts 

produced through a decomposition of the whole, ie, the arithmetical operations are tools 

used to produce a required evaluation, and not informative objects. Nevertheless, a 

distinction between the approaches may be made, as the whole-part based model apparently 

guiding Alufzio's and Jacob's and Tarek's solutions is certainly more general. 

Another illuminating aspect of the scripts, is that in 29% of the OKCALC 

solutions, the determination of the number of cars (fridges) sold is done using a number of 

different build-up and "build-down" strategies (Helen R, FM3; Derek G, FM2), and in 

those cases the evaluation of the "extra" money is not even considered, as the "fixed 

salary" (f185 in the English tests) is the target or the starting point, showing conclusively 

that those procedures are not "disguised" or "primitive" fom1s of division or multiplication. 
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Ana F (AH8) uses an "x", but her solution is clearly guided by the "selling" 

context, as the accompanying explanation shows; the "x" is used only to represent a value 

that can be immediately determined and is never manipulated before it is evaluated. It is 

suggested in the script that the focus of attention of the solution process seems to be the 

amount the saleswoman got for selling fridges, as Ana first writes "x+l40~?," and this 

may be linked to the fact that as many students she saw the evaluation of the "extra" money 

as nothing more than evident and immediately possible. 

Experimental Study 316 

.• 



( 'C AúC" 7
. 

, ~c ~o:::,- J AL\f0 ~'C 

- ;_ '". (,_ ~- _,_ 
.J, -:: Y: \J 

I Q Rv i_A__-t>Q 

c JO i-

v J.o. ' <\;:) <).:>_ 

C,Q'\f.C J,.J,_c_li;~ -, d~lt'i~l·" 

_~'O ~~A...I...J.- .c.9.o _·;.,s._-:_t\:.-_ • •. t.- .-, _) CJ:-·",-,,J 

,-c,. de o :jo· ,, i:<::. 0. '' ·. :;. 

cy-.cl c\··~··:), :JJ \· · '-•-•.C- U> 
~f ~~.1'0 di_''() J r·, c).; C.C. ~J.,__.J .:. ( , ··.v 

(~--,&.:,_ '-u..·-,.·Y.:::->-..-'-- i'"~ o-._d.._;._/J0- \o~z-. 
' 

Ana F, AIIS 

"The amount of money Carla got, minus the money she gets without the 

commission, givcs thc amount of money that divided hy hcr commission by 

fridge indicates how many she sold." 

The Secret problem 

As we saw before, one relevant aspect in relation to this question was the 

unexpectedly high facility levei, with the exception of FM2, which perfonned very badly. 

The OKEQT solutions were in ali cases solved by following the vety standard 

6x + 165 = 63 
6x = 63 · 165 = -102 

-102 
X=:-(}-

X = -17 

The one aspect of interest is that of ali solution,lemploying equations, in only one 

case the solver correctly reached the third line then to produce an incorrect result (+17). 

When we compare this with the fact that many more similar mistakes were made in Sec­

(analysed in the previous section), there is an indication that using a positive integer as a 

divisor makes more sense than using a negative one, possibly because the positive integer 

eorresponds better to a "sharing" model of division, even if the amount being shared is 

negative; a further implication of this would be that the preference for non-numerical 

models (in this case the analiticity does not seem to be relevant) might be on the basis of 

some obstacles to the leaming of the arithmetic of directed numbers. 
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In some of the OKCALC solutions (Elizabeth W, FM3, for example), the student 

considers that the answer has to be a negative number; however, as opposed to similar 

situations in solutions to Sec- (see previous group of problems), this consideration was 

never central to the process of solution, ie, it did not result in the transformation of the 

otiginal problem into an auxiliary one. 

Elizabeth W, FM3 

In one case the student concluded that the problem could not be done because 

adding would make always more than 165 (Jayne H, FM2). 
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Jayne H, FM2 

Jayne, however, failed to solve both 25-37 and 20-(-10), showing that her 

understanding- and possibly perception ~~- of negative numbers was very weak. As a 

consequence, the distinction between using a whole-part model ora nwnerical-arithmetical 

one becomes somewhat blurred, as the objects in each of the two Semantical Fields have 
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properties that are easily put in to correspondence, or, put in a more precise way, it is easy 

to establish a much stronger isomorphism between the two Semantical Fields than in the 

general case. Nevertheless, and this is a central point in respect to the overall argument of 

our research work, it would be incorrect to characterise under those circumstances and on 

the basis of the possibility of the isomorphism, solutions using a whole-part model as 

involving algebraic thinking. The crucial point to produce the distinction is that arithmetical 

operations will still be used as tools only, while operations on the wholes and parts 

(joining, separating, etc) will be the object operations. 

From the remaining OKCALC solutions, in ali but two cases of an explanation 

being provided beyond a restatement of the calculations performed, they refer explicitly to 

"doing it backwards" or "reversing the process" (Camila A, AH7; Clare B, FM3; Hannah 

G, FM3; Shazia A, FM3). 
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Camila A, AH7 

"I reverscd U1e process" 
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Hannah O, FM3 
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Shazia A, FM3 

It is clear from those scripts that the resemblance with the "reverse the formula" 

procedure used by many students to solve Patt is strong. In Camila's script we have no 

further explanation, but Clare makes a distinction between "doing the sum backwards"­

which seems to refer to the process of "going back"- and "using the opposite signs"­

referring to the "undoing" of the effect of the opcrators, while Hannah spccifically 

mentions that she "found out what secret number was before adding 165" (our 

emphasis), showing the "undo" intention. In Shazia's script the indication is even more 

complete, as she speaks of "the final number" (our emphasis), again a clear reference to a 

chain of calculations. 

Given the reasonably high levei of facility for this problem, and that, as we saw in 

respect to Sec- (see previous group of problems), the use of whole-part models with 

problcms involving negative numbers is troublesomc, we are led to think that most of the 

OKCALC solutions to this problem were guided by a state-operator machine model, as 

the one depicted in figure Patt I. As we have already shown, this model develops within a 

Numerical Semantical Field, although it is not an algebraic model in this case for the Iack 

of analiticiry. The important implication of this result is that around 50% of ali students 
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answering thís questíon were wílling to opera te within lhe Semantical Field of numbers and 

arithmetical operations. Moreover, it shows that this willingness is not the expression of a 

general, conscíous, conception, but rather an implicit component of the procedure- either 

taught or developed- to deal with thís specific type of problem. 

Two other aspects are worth mentioning. First, that a state-operator machine model 

could be made to work with a problem like Sec- if analiticity becomes a part of the mode 

of thinking in which one ís operating (see figure Patt 2) 

120 - 2x = 315 

J, (I) 

-2x 

I1Wí 
) 

ft!l 
J, (2) 

lt@_ 
< 

_gltsl 
+2x 

J, (3) 

315 + 2x = 120 

( J, (4) ) 
fig. Patt 2 

Such approach has two merits: (i) it can be built entirely within the Semantical Field 

of numbers and arithmetical operations, from much simpler cases, and (ii) it introduces the 

notion of unknown with an analytical characteristic. A further advantage would be to 

strengthen the links between two useful forms of representation of arithmetical articulation, 
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namely, the state-operator diagram and the standard algebraic notation. Step (4) in fig. Patt 

2 could either be a return to a state-operator model, which would be similar to that used 

with Secret, or an algebraic solution of the equation, if the solver sees it as meaningful. In 

any case, steps (1), (2) and (3) alone might well serve as an alternative to a justification 

based on DSBS, for the transformation 

120 · 2x = 315 

120 = 315 + 2x 

It must be clearly understood that we are not advocating this approach as a panacea 

that would provide the solution for ali the problems involved in developing an algebraic 

mode of thinking, but it certainly is a strong and helpful paradigm from which other 

approaches may be developed. 

SUMMARY OF FINDINGS AND CONCLUSION 

The main point illustrated by the scripts to this group of problems is the possibility 

of a model that is clearly numerical-arithmetical but not analytical. Some solutions to 

problems in the previous groups had already presented this characteristic (for example, 

using a paradigmatic simpler example), but the use of a state-operator machine model 

highlighted the fact that it is possible for children in the age group we studied to accept a 

mode of thought that involves operating totally within the Semantical Field o f numbers and 

arithmetical operations; this is particularly relevant because Patt is a problem where a 

spatial configuration is present, making clear that the problem is about n umbers of tiles and 

not "pure" numbers, and yet many students used the numerical-arithmetical model. The use 

of a state-operator machine model also offers a singular illustration of the following points: 

• 

• 

arithmetical operators as objects, informing the manipulation process; 

the possibility of achieving some degree of analiticity in the process, by using 

generic or unknown parameters in the arithmetical operators (as in figure Patt 

2) 
• both structure~-in the form o f the arithmetical arriculation-and process-in 

the form, for example, of the actual inversion of an operator, or of the actual 

chain of calculations-are indissoluble aspects of the manipulation of the 

model; 

Structure in relation to the establishment and manipulation of a model is a notion 

that has to accommodate the possibility that there are objects that are not "formally" 
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distinguished (eg, both the unknown and the parameters are seen as numbers) but neither 

there exists in the model a super-class containing both objects nor ali properties applying to 

one such object applies to ali of them (eg, in the "meaninglessness" of operating on or with 

the unknown). The structure of a model is, then, a netofmeanings, necessarily local, and 

not an abstract and "clean" construction. Even when the establishment of a model is 

consciously informed by the knowledge of a more generic, general or abstract knowledge, 

it is only in the local sense of a net ofmeanings that the structure of the model is realised, 

and it is precisely in this sense that the term arithmetical articulation expresses the strncture 

of an algebraic expression as given by its composition in terms o f numbers and arithmetical 

operations .. 

Also, a solution to, say, Patt, using a state-operator machine model is structumlly 

distinct from one using a whole-part model to model the "formula", and both are 

structurally distinct from the analogical solution that is based on a perception of the spatial 

configuration, and they are ali structurally distinct from an algebraic solution employing an 

equation, although the procedural aspects may be similar. 

4.7 CONCLUSIONS TO THE CHAPTER 

The main result of the experimental study was to confiJm that there are different 

models underlying students' solutions; moreover, it has also shown that our distinction 

between algebraic and non-algebraic solutions, based on our characterisation of algebraic 

thinking, offers a clear and useful framework for distinguishing and characterising those 

solutions. 

From the point of view of the methodology adopted-using groups of related 

problems, instead of "isolated" items-proved to be a correct and very useful choice, as 

many of the aspects of the models that were identified could only be clearly understood by 

comparing its use in problems with different contexts and with different numerical 

parameters. The decision of not using interviews meant we could not probe in depth some 

aspects of the underlying models, but, on the other hand, it reassured us that it is indeed 

possible to understand much of those underlying models by examining only pupils' written 

work, an important feature of the methodology, both because of the possibility of carrying 

out studies with a larger number of pupils, but also for the teacher who, many times, does 

not have the necessary time to accompany closely the discussion that goes on on each 

group during classroom activity. 
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The most problematic aspect for the students in our study, was that for those unable 

to deal algebraically with the secret number problems, the process of modelling them in to a 

non-algebraic model proved to be an impossible, or at least, very difficult, task. The fact 

that most of those students could cope with the "contextualised version" of those secret 

number problems, led us to conclude that two are the probable sources of difficulties in the 

case of those secret number problems: (i) difficulties in interpreting the elements of the 

arilhmetical expressions in terms of other models; particularly in the case of whole-part 

models, expressions of the type 

ax + b = c and b + ax == c 

were easier to interpret than expressions of the type 

b - ax = c 

We suggest that this was the case because the former provide a much more direct 

representation of "a whole and its parts," while in the case of the latter, the elements have to 

be separately identified, and the whole-part articulation constructed; and (ii) this difficulty 

is only enhanced by the fact that the notion of a general whole-part model seems to be to a 

great extent alien to what those students see as knowledge applicable to those problems; as 

a consequence, making scnse of the "decontextualised" secret number problems implied, 

in each case, looking for an adequate interpretation, possibly in terms of another problem 

with a "story," possibly in terms of experience with "plain calculations." 

Another relevant aspect we were able to identify, was the importance of what we 

called pointers, in the manipulation of non-algebraic models, for example the fact that one 

should not add a weight with a length, or that a seesaw will be balanced only if equal 

weights are put on each side. As we have already pointed out, but wish to stress, this 

aspect suggests that the use of non-algebraic models to facilitate the learning of specific 

aspects of algebra-for example the scale balance-has to be carefully examined, in order 

to avoid the association o f the algebraic procedures learned with those pointers, an 

association which may, and probably will, constitute a huge obstacle for the development 

of an algebraic mode of thinking, particularly in the case of "concrete" models. 

From a more general point of view, it became clear that the central notion being 

examined in our study was that of meaning. In this sense, the distinction we used between 

elements of the problem and objects of the model, proved very helpful in highlighting the 
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choice and interpretation of the elements o f the problem which is involved in the process of 

establishing and manipulating a model. 

The non-algebraic models we have identified in the scripts almost always involved 

an underlying whole-part articulation. Hypothetical manipulation of the context of the 

problem and geometric models appeared only in vcry few scripts. 

The state-operator machine model, which appeared only in the Pattern group of 

problems, represents a special case, as it is clearly a numerical but non-algebraic rnodel, 

as it lacks analiticity. The fact it was used by so many students, suggest that operating 

within a purely numerical environment, and using the arithmetical operations as objects, ie, 

rnanipulating a rnodel informed by thern, is not beyond the grasp of those students, 

supporting our clairn that the development of an algebraic mode of thinking has to be 

understood as the process of cultural immersion from which the development of an 

intention is produced, and a process that is very much dependent on the exposure to that 

rnode of thinking. The fact that among Brazilian students we were able to find many more 

instances of algebraic models being used than among English students, also supports this 

clairn, given the distinct emphasis on the teaching of algebra-much greater in Brazil-in 

the grades in question. 
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Chapter 5 
General Discussion 



Both the evidenee from the historieal study and from the experimental study 

showed that our ehamcterisation of algebraie thinking -aritlunelicity, ifltenmlism, and 

analiticity-provides an adequate framework for distinguishing different ways of 

modelling problems and of manipulating those models. Moreover, we have also shown 

that by distinguishing those different modes of thinking, we were able to identify the 

tensions underlying the production of an algebraic knowledge, as well as the sourees of 

the difficulties faced by the students in our experimental investigation and the 

constraints acting upon thc development of an algebraie knowledge in historieally 

situated mathematical cultures. 

The central issue which provided the thread followed in our investigation is that 

of meaning. We identified two ways in which thc issue of meaning is related to our 

study of algebraic thinking. 

First, an "algebraic verbal problem" ean be scen eithcr as the problcm of 

determining the required measure(s) oras the problem of determining a number or 

numbers which satisfy some given arithmetical conditions; in the case of "purely 

numerieal problems," interpreting it as the problcm of determining a measure requires 

the extra step of interpreting the elemcnts in the "arithmetical" staternents-as, for 

example, in the secret number problems in our tcst papcrs-as representing or 

describing some contextualised problem I. The fact that secret number problcms were 

consistently more difficult than the corresponding contcxtualised problems-apart from 

the case of the older Braz.ilian students, who had had a somewhat thorough experience 

with using equations to solve problems-indicates that for the students in our 

experimental study, interpreting the "arithmetieal" statcments into another SellUlntical 

Field was not an easy task; both thc lack of thc pointers wc have mentioned in 

Chapter 4-eg, "weights can only bc added to or subtracted from, othcr wcights"­

and thc lack of taught wlwle-part models, which could providc a more or Iess standard 

Semantical Field for intcrpreting thc "arithmctical" statements, scem to account for the 

failure of so many students to make sense of those statemcnts. 

The second way in which meaning is rclated to algebraic thinking, is through 

the process of manipulating the model used with a problcm. Even if a problem is seen 

as the problcm of determining a number or numbers which satisfy given conditions, the 

conccptions involved in the detcnnination of the concept of number play a central role 

11ne quotes in arithmetical are necessaty for this precise reason: as the solver makes 
sense of the statements by interpreting them in a Semantical He/d other than that of 
numbers and arithmetical operations, we may safely assume that those statements are 
not seen primarily as arithmetical statements; this does not imply, however, that the 
solver is inrelectual/y incompetent to doso, but only that within his or her 
mathematical culture that is not the prcferential mode of thinking. 
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in determining what can and should be done to manipulate relationships involving 

number; the historical study provided precisely the evidence about how 

conceptualisations of number are central if we are to understand the mathematical 

activity within a mathematical culture-or of an individual. We have clearly shown that 

algebraic thinking depends on a symbolic understanding of numbers, but also that 

sueh a symbolic understanding of numbers have to compete with other-quite 

aceeptable-conceptions, such as "number as measure." The tension between a 

symbolic understanding of number, which implies that numerical-arithmetical relations 

are treatcd arithmetically, intemally, and analytically, ie, algebraically, and an ontology 

of number, which says what number is and only from there one determines how it can 

be dealt with, is a central issue in the process of developing an algebraíc mode of 

thinking; our experimental study did not intend to probe into lhe students' mathematical 

conceptions underlying thcir mathcmatical activity, but nonetheless, it providcd 

evidencc that the models underlying thcir solutions to thc proposcd problems did not 

prcsent- in many cases- the generality as a method that Jacob Klein indicates as the 

central aspeet distinguishing Vieta's coneeptualisation of algebra from that of 

Diophantus, and which is a central characteristic of what he calls thc "modem" 

conceptualisation of the mathematical activity. 

Thosc two aspects of the relationship between meaning and algebraic thinking 

suggest a focus of tension in the development of an algebraic mode of thinking. The 

acceptance of the "arithmetical" statements as informative in themselves, ie, as true 

arithmetical statements, certainly depends on the possibility of treating them 

algebraically, at thc samc time thinking algebraically depends on the ability to recognise 

arithmctical statements as inf ormativc in their own right. Our approaeh to this question 

was to considcr algebraic thinking as an intentíon, more precisely, the intention to treat 

problems whieh involve the determination of a number or numbers algebraically, 

aeeording to our characterisation of algebraic thinking; the intention to think 

algcbraically can eertainly evolve from very simple algebraic situations, such as solving 

simple equations, but precisely because this intention is not algebra, only a way of 

dealing with algcbm, the production o f an algebraic knowledge, eg, "lww to solve 

equations o f a certain type," does not depend on or involves by itself algebraic 

thinking. It is only by making that illlention explicit, and by contrasting algebraic 

thinking with other modes of thinking which can be uscd to produce algebm, that the 

intelltion of thinking algcbraically can be consciously aequircd. Moreover, it is only 

when such intention is in place that the requirement of a treating arithmetical statements 

in a way which is arithmetical, intemal, and analytical, can be meaningful. 
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In the course of our investigation of the nature of algebraic thinking, two 

important distinctions were elicited: (i) that between intrasystemic and extrasystemic 

me1111ing; and, (ii) that between situational and mathematical context. 

The former allows us to account for the possibility of an algebraic algebraic 

activity (as opposed to a non-algebraic one), by making clear that, f ar from being 

meaningless, or semantically weak, the elements involved in algebraic tlzinking are 

meaningful and semantically jull, but only when interpreted within the Semantical 

Field of numbers and arithmetical operations, i e, there is a shift of referential which 

makes the algebraic algebraic activity meaningful. In the historical study we had the 

opportunity to refer to the syntactical meaning of the elements in algebraic tlzinking. 

This notion, which might seem paradoxical at first, is esscntial for one to understand 

what algebraic tlzinking is, and must be accepted not as a linguistic detour to indicate 

lhe usually acceptcd notion of "rulc manipulation," be it in a poorly or in a highly 

skilful manner, but as indicating that thcrc is nothing "outside" the statements being 

manipulated which are required to make thcir elemcnts "meaningful." 

The second of the two distinctions allows us to understand the importance of 

one's willingness to shift into a new Semantical Field in the process of thinking 

algebraically. It is the shift from the situational context o[ a problem-or from its local 

context in the case of "purely numerical problems"- in to a matlzematical context, 

reprcsenting also the transition from the problem to a mcthod for solving the problems 

of a class to which the specific problem in question belongs, or scems to belong, that 

makes algebraic tlzinking possible; moreover, the very intention of producing that 

shift-and, thus, its aeccptanec-is that which characte1ises mathematies as an accepted 

cultural object. The refusa! by Luria's and by Freudenthal's subjeets to opcrate within a 

"context-frce" environmcnt strongly indicatcs that thc dcvelopment of a given 

mathematical mode of thinking depends on the aeccptancc of thc fact that ccrtain ways 

of organising the world are adcquatc and uscful, ie, that thcy producc insights which 

conform to onc's cultural needs. lt is exactly in this sensc that algebraic thinking has to 

bc undcrstood as an intention: it represent~ thc affirmation of thc nced to use 

numerical-arithmcticalmodels and to trcat those models aritlzmetically, intemally, and 

analitically, and it is by affirming this need that it drivcs the dcvclopmcnt of an algebraic 

knowlcdge. 

By undcrstanding algebraic tlzinking as a cultural component, rather than a 

developmental one, we opencd a linc of research into thc difficultics faced by children 

in the learning of algcbra; we have shown that non-algebraic modcls uscd as primary 

ways of dealing with problems involving the dctcrmination of a number or numbers do 

constitute an obstacle to thc dcvclopment of an algebraic mode of thinking, and wc have 
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elícited some of those models and their main characteristics. By also showing that 

algebraic thinking is better understood as an intention, we demonstrated that the 

process of developing an algebraic mode of thinking is one of cultural immersion, and 

by doing so, we open the possibility of explaining the "failure" of individuais in 

"naturally" developing the abilíty to think algebraically-as Piaget's theory, for 

example, would predict-in terms of a lack of a cultural component. In a similar way, 

we think that it is possible to explain, for example, the "failure" of individuais in 

"naturally" devcloping proportional reasoning. 

Ata dccper levei, this aspect of our investigation shows, in particular in relation 

to the historical study, that asserting a parallel between the historical development of 

algcbra and algebraic thinking and the development, by individuais, of an algcbraic 

mode of thinking, cannot be understood in the context of scarching for similar "stages 

of development." The cultural factors are, we belíeve, too complcx to be "rcad 

through," and it thus secms to be thc case that even i f an undcrlying, incvitable, 

cognitive cngine exísts-as Garcia and Piaget say-we are unlike evcr to reach it. Thc 

culturalistic approach, on the other hand, highlights knowledge as the result of trying to 

make sense of the world, andas the world is prescnted to us Iargely through the culture 

we live in, and as cultures are in perpetuai rccreatíon, the culturalistic approach to the 

nature of algebraic thinking provides an immediate undcrstanding of thc cultural 

process of being in i tiated to it. 

Although our rescarch has been thoroughly concerned with characterising 

algebraic thinking, one of its clearest rcsults was to reveal the interplay between 

algebraic and non-algebraic modes of thinking. First, becausc non-algebraic modcls can 

provi de, as in Davydov's teaching programme, the raw material which is· to be 

examíned algebraically; sccond, and more important, because the deep dístínctíon 

between algebraíc and non-algebraic modes of thinking point out to the impossibílíty of 

reducing one to the other, ie, it poínt~ out to the inadequacy of substituting algebraic for 

non-algebraic "whenever possíble"; algebraic thinking can only be understood in the 

context of ali different modcs of thinking, and, thus, thc development of non-algebraic 

modes of thinking has to be kept as a central objectivc of teaching. The possíbílity of 

interpreting a problem or sítuation wíthín different Semantical Fields, ceitainly offers a 

richer perspcctive for organising one's world and for producíng knowledge. 

The results of our investigatíon point out, although in a provisional manner, 

that an early introduction of chíldren to algebraic thinking should be carried out. First, 

because it provides a unifying and powerful mathematical context, one in which a 

deeper understanding of the structure of Iarge classes of problems is possible. Second, 

becausc it allows the dcvelopment of an undcrstanding of numbers and of the 
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arithmetical operations which is algebraic-and, thus, symbolic-from very early 

stages of learning, resulting in a much sounder mathematical foundation to those 

aspects of thc children's mathematical knowledgc. Third, becausc situational models 

and abstract non-algcbraic models (eg, whole-part models) are a much more present 

part of evcryonc's life, and opportunities for refining and diseussing them are much 

more abundant; cmphasising the importance of algcbraic models, particularly to the 

teachcr and curriculum dcvcloper, is a proper way of restoring a balance which is 

ncccssary. Fourth, and finally, thc traditionally accepted vicw of "algcbra as 

generaliscd arithmetic" -undcr thc guise of "numbers first and then algebra" -leads in 

fact to thc formation of sometimes insuperable obstacles to learning, and an carly start 

with algebraic thinking would address this difficulty. 

Therc are two natural directions to follow after the rescarch presentcd in this 

dissertation, both of which we will pursuc. 

Thc first is to cxtend our research into the history of mathcmatics, by examining 

other historically situatcd cultures and by considering the non-mathematical 

charactcristics of the cultures examincd. This last aspect is particularly important to 

providc a more comprchensive view of the plaee of the mathematical cultures in their 

"parent" cultures. 

Second, we will study, this time making extensive use of interviews, students' 

conceptualisations in mathematics, particularly in rclation to elements related to 

algebraic thinking. At the same time, we will engagc in devcloping a teaching approaeh 

for the dcvelopment of algebraic tlzinking in the !ater years of primary school and early 

years of secondary school; some of the exploratory work in this rcspect has already 

becn conducted, both in Brazil and in England, and will bc reporlcd elsewhere. 
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Annex A 
Problems used in the exploratory experimental 

study 



1) Two friends, Maggie and Sandra, went to the Goose Fair. 

Maggie brought f12 with her and Sandra brought f18. 

During the afternoon, Sandra spent twice as mueh as Maggie, and when they 

Jeft the fair, both of them had the same amount of money. 

How mueh didi eaeh of them spend? 

2) A ear salesman eams, per wcek, a fixed !:200 plus B5 for each car sold. 

This week bis total income was B75. 

How many cars did hc sell this week? 

3) A carpenter wants to eut a 73 em long stiek in two, but he wants one of thc 

pieces to bc 17 em longer than thc other. 

How long will the picces bc? 

4) I havc a 'seeret' numbcr in my mind. 

!f I multiply it by thrce, and take the result away from 210, l'm lcft with 156. 

Now, whieh is my 'secret' numbcr? 

5) Piek up any thrce eonseculive numbcrs and write them down inside lhe 

squares. 

Now add them up and put the result inside the eircle. 

Finally, divide thc numbcr in the eircle by thrce and put this Iast result in the 

triangle. 

Anexample: 

3=ffi 
Now try with other successive numbcrs. 

(a) will the numbcr in the triangle always bc cqual to the middle numbcr in the 

squares? 

(b) Please cxplain how do you know that your answer to (a) is corrcct. 

6) Johanne bought some bottles of milk and paid for it with a f5 note. 

(a) can you work oput the changc she received? 

(b) !f not, what else should you know to bc able to work out the change? 



7) Suppose you buy two chocolate bars, you pay for it and you get the change. 

Then you decide to buy a can of cola. 

When you are o pay, the clerk says: "Gíve me back your cahnge and 1'11 gíve 

you back your money. Now I add up the príces for the chocolates and the cola and you 

pay for the whole sum." 

Is this the samc as just payíng, from the cahngc, for thc cola? 

Please explaín your answer. 



·• 

Annex B 
Problems used in the main experimental study 



Question 

I am thinking of a secret number. 
I will only teU you that 

120 • (13 x secret no.) =315 

1be question is: Which is my secret number? 
(Expl.ain how you solved the problem and why you did it that way) 

Question 2 

To know the nurnber of oranges that will be in a box, one has to divide lhe total 
number of oranges by the nurnber o f boxes. that is. 

(oranges per box) = (number of oranges) + (number or boxes) 

• I 
a}There are 171.5 tnnges m::l we WV~t 10 have 

49oranges per bo~ 
How many boJ:es are needed? 

I 

b) Ifyou are to1d lhe numberof onnges per bo:o; 
and lhe numba of bo:o;e:t, how would you WQri; 

out the totl.l numberci orznges? 

,,~, 

Question 3 

From a tank filled with 745 litres of water, 17 buckets of water were taken. 
Now there are only 626 !itres of wa1er in the tank. 

How many litres does a bucket hold? 
{Explain how you solved the problem and why you did it that way) 

Question 4 

Maggie and Sandra went to a records sale. 
Maggie took 67 poundl'i with her. and Sandra took 85 pounds with her (a lot of 

money~!). 

Sandra spent four times as much money as Maggie spent. 
As a resul!, when they left the shop both of them had the same amount of 

money. 

How much did eac:h of iliem spend in lhe sale? 
(Explain howyou solved the problem and why you did il that way) 

I 
I ! 

Test paper Al 

Question 5 

Mr Sweetmann anà his family have to drive 261 miJes to get from London to 
U:cds. 

Ata cenain point they decided to stop for luneh. 
After lunch they still had to drive 2. 7 times as much as they had already 

driven. 

How much did they drive after luncb? Afld. be~e "'? 
(Explain how you solved the problem and why you did ít that way) 

............................................................................................ --.·· 
Question 6 

a)2S-37= ........... . 

b) 20" (·10) = .......... 



' 
Question 

l am U\inking of a "sec~t" nwnber. 
I will only reli you lhat ... 

181 • (12 x secret no.) == 97 

Thc qucuion ís: Which is my secret nwnber? 
(Explainbow you SO!"Ycd lhe problcm and why you. díd it that way) 

............................. u ..................................................................... . 

Queslion 2 

Thc s1opt of a nmp 1.$ ~ by 
di'lidin& lhe helghl. á tbe nmp b)' tbe 

l.cnz!u or ics b&sc:. nw is.. ~H"lh' .... 
slope = beigbt + base 

o..} 1f l:be 5iopc da ramp i5 1.2 and ilS base 
ti!CUUla 15 me:ua. wtw. i$ lbc beight of this ._, b) lf ygu are givenlbc slope and the height cf a 

ramp. bow wouJd )'OU wcà: ow the base of this .,..., 

~-

Question 3 
ou..,. 

---;@~";',.,.. 2..1-3~ \!J-
~ George 1hJowsaway four timc::s .1S ~ ...... j'\11') \l-1".á$ :r'_ mucll weight &S S.un does. 

18'3~-l ./; 

~ A~ í\ 
Now thc:y are ba.lanced. 

How many kilograms did George throw away? And Sam? 
(Explain how you solved the problem and why you did i! thal way) 

................................................................................................. 
Question ~ 

0n a TV show .•. 
"Well, Mts Swcanann! You havc sofarwon 731 pounds in our show .•. 

Now I have an offer for you: 

OiOICE A' We multiply yourpriz: by 1.2 and thc:c we mu!J:iply the 
ltSU!i by ••• (.wd tbe pl\ISC.Ma whispcm:! a. numbcr in 
Mrs Sweeunan's ear) ~·ar ... 

OiO!CE B: the odla way arouná: we fim multiply your pnzc by lhe 
number I ha.ve just whispem:l to you. and Ú'ICil wc 
mulêp!y lhe result by 1.2 ..• • 

What would your choice be? {Iustify your answcr) 

Test paper A2 

I 

"lUC:SUUII .;1 

John is organizing a big pany for children. 
Hc bought a 8 big OOxcs of candics. cach one comaining 250 candies .. 

lf 250 childrcn show up 10 the party, how many candies will cach ofthem 
(EYereybody gcts the same number of candies.. of course!} 

E.xplain 'VCl)' clearly how you solvcd this problcm. 

•••••••••••••oo••••••n•••••••••••••••••••••••••nou••••••••u•••••••••••••-•••••••••••"' 

Questlon 6 

Sam and George OOught tickets to a concert. 
&cause Sam wamed a bctter scat. hís tick.et cost four times as muc 

Georgc·s tickct. 
Altogcthet they spent 74 pounds on the tickcts. 

What was the cost of each tid:et? 
{Explain howyou solyed the problem and why you dit it that way) 



Question 

Her you have a patttm of tík:s: 

00~~~ ·­"" ·- 10-

•• 
•'""" 

11~ .. ,..., 
14-­.. ·-

... 

One possible formula that gives the number of white tiles that go with a ceru 
number of black ti!es ís: 

no. or whites = (2 :rt no. oi bbck.s) + 6 

How many black tiles are needed, if I want to use 988 white tiles? 
(Explain how you sotved the problem and why you díd it that way) 

" r: 

Question 2 

At the right you have a sketch of 
wooden blocks. 

A long block put together with 
two of the short b\ocks measure !62 em 
altogether. 

Ir two short blocks are put 
togelher, they still measure 28 em less 
than a long block.. 

What is the ltnght of each individual block? 

~ü1 
(Explain how you solved the problem and why you díd it that way) 

I l 
! I 

Questíon 3 

I am thinkíng o f a ~Sttret~ number. 
I will only tell you that .•. 

181 ~ (12 x secret no.} = 128 .. (7 x sec:ret no.) 

The question is: Which is my seaet nwnber? 
(E.xplain how you solved the problem. and why you did it that way) 

Test paper Bl 

Question 4 

Sam and George bought ticlcets to a concert. 
Because Sam wanted a better seat. bis ticket cost 2 7 times as much as George's 

ticket. 
Altogether they spent 7 4 pounds on the tickets. 

What was the eost of each ticket? 
(Explain how you solved the problem :a.nd why you dit it thal: way) 

•••~••nu~o.aooaonouo•ooooonouoonunooooooooooaoao.ooooooo-oon-•••••-oouH•u.,.-.-o.o 

Queslion S 

l am thinking of two secret numbers. 
I will only tell you that. .. 

(first no.) + (serond no.) !: 18.5 
and 

{fírst no.) • (second no.) = 41 

Now. which are the secret numbets? 
(Explain how you solved the problem out and why you did it tha1 way) 

Question 6 

a)25- 37!: ······~···· 

b)20-(·10)= ......... . 



• 
Question 1 

At lhe right you h.ave a sketch of 
woodcoblocks. 

A long. block: and a shon block 
measure 162 an altogether. ~~ A shon blocks rneas~.~tts 28 em 
l= lhao aloog block. 

Whal i:; lhe 1enght of each individual bkci.? 
(Explain how you solved the problem and why you did it that way) 

-•--•••-u--•-•e.auu•e•eueueuu•M•u•-uu ... e ... u•••uu•••••••••u••u••o.eoo 
Qu~ion 2 

Mr Swee.unann and. bis family ba'YC: to drive 261 miles to get from London to 
l..eods. 

A1 a cenain point thcy dccided to stop for lunch. 
Aher Wnch tbey sri!l had to drive four rimes as much as they had alre.ldy 

driven. 

How mucb did they drive before luncb? And afler lunch? 
(Explain bow you solvcd the problem and how you knew what to do) 

Question 3 

,___.. 
!>-. rloa ~"~ I \ '> • .< 

1~~ -~ I 

~ ·6 í\ 
What is the weighc oí one brick? 

Gcoq;e ~IWIY ll bnciu;WS&m 
WO*S IWIY ~ .btós. 

NOO*Iheya.e~ 

(El.plain how you so!ved the problem and why you did i! that way) 

onno••••••••••••••-•••••non•ouoo•••••••oeou•••••nu•••••••••••uue••••••••u•••••••un 

Question 4 

l am thinking af a ~secret number". 
I will orúy tell you that 

(6 x secret no.) + 165 = 63 

The question is: Whlch is my secret nurnber? 
(Explain how you solved the problcmand why you did it that way) 

Test paper B2 

Question 5 

Olarles sells cars. and he is paid weekly. 
He eams a fixed !185 per week. plus i3S for each car he sells. 

This week hc was paid a total of í360. 

How many cars dl<l 0:\arles seU th~ w«:k? 
(E.xplain how you solved the problem and wby you did it that way) 



• 

Question 

r am thinking of a Hsecret" number. 
I wiU onJy te li you lhat ... 

181 ~ (12 x secret no.) = 128 • (7 x secret no.) 

'The question is: Which is my secret number? 
{E.xplain how you solved the problem and why you dit it that way) 

c---------

1 

I . I 

•o..,•oooooo•o-ooooouooooooouoo•ooooooo-uoooooo..,uoooooooHooooooooo .. ooooooouoooooooooooo 

Question 2 

Sam and George bought tickets to a concert. 
Because Sam wanted a beuer seat, his ticket cost four times as much as 

Oeorge's ticket. 

I 
I 

Altogether they Spem 74 pounds on the tickets. 

\Vhat was the cost of each ticket? 
(Explaln how you solved the problem and why you dit ít that way) 

Question 3 

To know the num!xrof oranges thait wi!l 1;;:: i.~ a box, on~ has to divide the total 
number of oranges by Úle number o f boxes, that is, 

(oranges per box) = (number of oranges) + (number or boxes) 

a)lfthen:ue 17or.mgesperboxandwe !lave 
49 boxes. how many Of2ni« t!rere = 

alJOgelhe:r? 

----

. I 
I I 

I 

bl !fyou are told lhe number of oanges per bo.<. 
and the total IM!'Iber of oranges. how would 
you work out the number of boxes neerled? 

Question 4 

At Celia's shop you can buy boxes of chocolate bars or you can buy sprue b;m 
aswell. 

A box and thrte s.pare bars cost !8.85. 
A box with thtee bars missing cost !5.31 

What is the price of a box of chocolate bars in Celía's shop? \Vhat is the price 
of a single bar? 

(Explain how you so!Yed the problem and why you dit it that way) 

r I 

Test paper Cl 

Queslion S 

Abigail is having a hard time to decide what to dress. 
She has socks of 6 different colours, skirts of S differem colours. and T -!hitts 

of 7 dífferent colours. 

In how many different ways can she dress? (Explain how you solved the 
problem and why you did it that way) 



• Question i 

Maggie and Sandra went 10 a records sale. 
Ma&&ic took 67 pounds with her, and Sandra took 85 ponds with her (a lot of 

monc:y!!). 

Sandra bought ll Lp's, and Maggie bought S Lp's. 
As a JUUJt., when lhey ~ft the shop both of them h.ad the same amount of 

moncy. 
W'M-1 i~ -\he ft"•~ c~ 0.1"' 1-f>? 
(E.xplain how you solved lhe problem and why you did it that way) 

Question 2 

Mr Sw~ and bis family havc to drive 261 miles to get from London to 
l..ceds. 

At a cenain point they decided to stop for lunch. 
Afr.er hmch they still had to drive 2.7 times as much as they had already 

driven. 

How much did tbcy drive before lunch'? And after lunc:h'? 
(Expiain how yoo solved the problem and why you did it that way) 

Question 3 

Iam thinking of two secret numbers. 
I will only teU you that ... 

(first no.) • (3 x second no.) = 185 
and 

(f'irst no.) • (3 x second no.) = 47 

Now, whkh are lhe secret numbers? 
(Explain how you solved the problem and why you did it that way) 

Question 4 

I 

1be speed of a car can be calculaled by dividing the distance covered by lhe 
time spent to do ir. Tha! is, 

spetd :: distance + time 

a) If onc: has ICitnvel 35 l k.il~ a1 a spccd 
of 110 !cilomeues per hour, how much time 

will it take? 

I 

b) Jf you are r.old thc sp::cd of a car aOO 1bc 
amouru of time it ran, how would you wort ou1 

lhe distance it covc:red? 

11 1 li 
li 

~----~1~------~ 

Test paper C2 

Question 5 

Joe's Cafe offers a numbe:r of choices of bread, fillíngs and sauces. There 
84 different combinations altogetbcr. 

A customer counted 14 diffemlt sauces on the menu. 

If one wants on!y bread and filling, how many choices are available? 
(E.xp!ain how you solved the problem and why you did ít that way} 



TICKET ANO DRIVING 

AH71 I I jAH8 :. JFMZ i, I \ I _iFM31 i 
I T4 i D2.7 D4 ' T2.7 i I T4 I D2.7 D4 1. T2.7 i T4 I D2.7: D4 I T2.7 i \ T4 I D2.7 I D4 T2.7 

40 i 40 i 16 i 16 1 i 34 i 34 19 I. !9 1 I 36 I 36 ! 17 1 17 , 41 ( 41 I 25 25 

I I I 1. I i I I i I I i I ! I I 
' 

OKEQT I 0.421 0.151 0.13! 0.13[ I o.73/ 0.291 0.42( o.53j 1 o.o3j o.o5j o.oo/ o.oo, o.D2/ 0.001 o.ooj o.oo 

0K+3.7or5 I 0.43J 0.00( 0.32, 0.06L i o.151 0.03: 0.31i o.ooi I 0.33j o.061 0.41[ o.ool I o.68[ o.10j o.8o\ o.16 

OKT&E I o.ooi o.oo, o.oo! o.oo_j_ 1 o.oo/ 0.001 o.ooj o.oor i o.ooj o.ooj o.oof o.06i i o.o21 o.ooj 0.04/ 0.20 

W +2.7or4 
1 

o.ozl o.23! o.13\ o.25 1 o.06f o.09! o.oo1 o.111 _j_ o.2o o.14[ o.06l o.oo( I o.07j o.32) o.os! o.2o 

WOTH o.o5[ 0.201 o.19, 0.38i ' o.o51 0.39[ 0.11[ o.26j 1 0.20 0.14/ 0.291 o.29, 0.12[ 0.27j 0.04j 0.28 I 
NATT 0.08[ 0.43/ 0.25\ 0.191 i o.03f o.21l o.16[ o.11[ 1 o.25\ o.61! o.24[ o.65l 0.07\ 0.31\ 0.04[ 0.16 

I ! i í 
! 

i i I 
i I I I ' ! I i : I 

OK 1 o.s5! o.15[ o.44! 0.19/ I 0.881 0.321 0.741 0.531 i 0.36\ 0.11 0.411 0.061 O. 72( O. !0\ 0.84j 0.36 

WRONG o.07\ o.43f o.31i o.63f 1 0.11[ 0.481 0.11( 0.37 i 0.40 0.28 0.35
1
1 0.29[ 0.191 0.59! 0.121 0.48 

NATT o.os! 0.43[ o.25i 0.19'• ' 0.03
1
1 0.21\ 0.16\ O.lli i 0.25 0.61 0.24i 0.65. 0.07/ 0.3!1 0.04! 0.16 ! 



Annex C 
Data on the groups in the main experimental study 



Group: AH7 (Brazilian 7th graders) 

Total no. of students: 56 

A verage age (yrs.mths): 13.11 

Standard deviation (yrs.mths): 0.9 

Group: AH8 (Brazilian 8th graders) 

Total no. of students: 53 

A verage age (yrs.mths): 15.0 

Standard dcviation (yrs.mths): 1.0 

Group: FM2 (English 2nd ycar) 

Total no. of studcnts: 53 

A veragc age (yrs.mths): 13.2 

Standard dcviation (yrs.mths): 0.4 

Group: FM3 (English 3rd year) 

Total no. of students: 66 

Avcragc age (yrs.mths): 14.3 

Standard deviation (yrs.mths): 0.3 

Gmup: ALL 

Total no. of studcnts: 228 

Averagc age (yrs.mths): 14.1 

Standard deviation (yrs.mths): 0.11 

Observation: In Brazilian groups, thc much greater standard deviation is dueto thc fact 

that studcnts can actually fail a wholc ycar, which does not happcn in English schools. 



Annex D 
Tables of frequencies for the problerns in the rnain 

experimental study 



TICKET ANO DRIVING 

AH? i i AH8 I I 1 jFM2 I ! iiFM3 I 
T4 D2.7 D4 I T2.7 I T4 D2.7j D4 T2.7 T4 D2.7f D4 I T2.7 i ! T4 D2.7 D4 ! T2.7 

40 I 40 I 16 : !6 34 34 
I 

19 19 36 I 36 ! n ! 11 
I ' ' 

1 41 1 41 25125 

I ! I 
I 

i ! i I I 
i 

OKEQT I o.42! o.15f o.13i o.13: 0.73[ 0.29f 0.421 0.531 I o.03f o.o51 o.oo! o.oo 0.02 o.oo! o.oo! o.oo 

0K+3.7 or 5 0.431 o.oof 0.32[ o.06 0.15 0.031 0.31 0.00[ 1 0.33 0.06f 0.41 i 0.00 1 o.68 o.wi o.so1 o.16 

OKT&E 0.00 o.oo! o.oo1 o.oo I o.oo! o.oo[ o.oo o.oo 0.001 0.001 0.00[ 0.06[ i 0.02 o.oof o.041 o.2o I 

W +2.7or4 ! 0.02 o.23! o.13! 0.25! I 0.061 o.09f o.ool 0.111 : o.2ol o.14i o.061 o.oo[ ! o.o7, 0.32 0.08[ 0.20 

WOTH 0.05[ 0.20[ 0.19! 0.38[ o. os' 0.39! 0.11! 0.26[ i 0.20 o.141 o.29! o.29f 1 o.121 o.21! o.041 0.28 

NATT o.08. 0.43[ o.z5! 0.19 0.03 0.21! 0.16 0.11[ 0.25 o.61 i o.241 o.65i 1 o.o7 0.31 i 0.04! 0.16 

I I 

I i I 
! 

I I I I I I 
I 

OK 0.85 0.!51 0.441 0.19 0.88 0.32! 0.74 0.53 0.361 0.111 0.41[ 0.06! i 0.721 0.10[ 0.84[ 0.36 

WRONG i 0.07 0.43 0.311 0.63 0.11 i 0.48f 0.11 o.37! 1 o.40[ o.z8! o.35i o.z9f 1 o.19! o.59 o.12 0.48 

NATT I o.08 0.43 o.z5j 0.191 I o.o31, o.21j o.16 o. H I i o.25 o.61l o.24i o.65f I o.o7 0.31 0.04 0.16 



SEESAW-SALE-SECRET NUMBER ("E"="Seesaw"; "A"="Sale.") 

IA? ! i I jAH8! i i I ,FM2 i ! I !FM3 
jEll-51 E4x !All·5f A4x fsecNo! ÍE11-5~ E4x A11·5l A4x isecNo fE11-5i E4x !All-5 A4x SecNo 'Ell-5 E4x All-5 A4x SecNo 

! 16 i 21 \ 19 I 21 ! 35 i 19 I 17 17 I 17 36 \ I 17 ! 20 \ 16 20 33 I 25 24 I 17 24 42 

i I i I I i I I I I 
I ' I I I I 

OKEQT i 0.06 0.14 ! 0.05 I 0.24 ! 0.40 I : 0.161 0.47 i 0.35 i 0.47 I 0.88! I 0.00 I 0.05 i 0.00 i 0.10 0.00 i 0.00 I 0.04 ! 0.00 0.00 i 0.10 

OKCALC I 0.13 0.00 0.16 i 0.00 i 0.03 i i 0.00 0.00 I 0.06 i 0.00 ! 0.00 I 0.06 0.00 I 0.00 i 0.00 f 0.03 I 0.44 i o.os 0.35 I 0.04 i 0.05 

OKT&E 1 o.oo o.oo o.oo· o.oo I o.oo 1 1 o.oo o.oo I o.oo I o.oo 1 o.oo 1 0.12 o.oo 1 0.38 ! 0.15 o.oo I 1 0.20 i 0.13 i 0.24 f 0.33 1 o.oo 
WEQT i 0.13 0.10 0.05 0.05 ! 0.09 I I 0.32 0.12 I 0.18 ! 0.24 ! 0.06 0.00 i 0.00 ! 0.00 0.00 . 0.00 i i 0.00 ! 0.00 i 0.00 ! 0.04 0.10 

WCALC ! 0.25 i 0.43 0.31 0.43 li 0.08 i 1
i 0.10 I 0.12 ii 0.12 ': 0.06 ·, 0.03 i • 0.41 i 0.60 I 0.38 i 0.20 \ 0.37[ 0.24 0.42 i 0.24 i 0.37 0.43 

NATT I 0.44 ! 0.33 ! 0.42 I 0.29 ! 0.40 i i 0.42 i 0.29 I 0.29 i 0.24 I 0.03 . I 0.41 i 0.35 i 0.25 0.55 i 0.58 ! 0.12 I 0.33 i 0.18 I 0.21 i 0.31 

I i ' i ' I I I I I • i ! i I • • • I ! 

I i ' l ' I I ; 

OK I 0.19 0.14 I 0.21 I 0.24 i 0.43 ! 0.16 i 0.47 0.41 i 0.47 i 0.88 0.18 0.05 I 0.38 0.25 0.041 I 0.64 ! 0.25 I 0.59 I 0.38 0.15 

WRONG ! 0.38 0.52 0.37 0.48 0.17 i 0.42 0.24 0.29 I 0.29 I 0.09 I 0.41 I 0.60 ! 0.38 : 0.20 0.37 i I 0.24 ! 0.42 0.24 ! 0.42 i 0.53 

NATT ! 0.44 ! 0.33 I 0.42 I 0.29 0.40 I I 0.42 ! 0.29 0.29 i 0.24 0.03 ! I 0.41 I 0.35 ! 0.25 ' 0.55 i 0.58[ I 0.12 I 0.33 0.24 I 0.21 I 0.31 



CARP-CHOC-SECRET NUMBER 

AH7 ! 
I I 

i: AH8i I ! FM2i I I I FM3I I ! 

Choc 1 Carpl-1 Carp1-2 Sysl-1 
I 

Sysl-3 I Choc Carpl-1 i Carpl-2! Sysl-1 i Sysl-3 Choc Carpl-11 Carpl-21 Sysl-1 [ Sysl-31 1 Choc I Carpl-lj Carpl-2 Sysl-1 Sysl-3' 

t9 I 16 16 16 16 I 17 19 I 19 19 1 19 16 17 i 17 ! n I 17 I 17 25 i 25 
' 

25 25 

I ' I ! ! ' I I I 

OKEQT I 0.05 0.19 0.13 ! 0.06 I 0.11 0.47 i 0.79 0.47 I 0.79 o.82 I , o.oo o.oo 1 o.oo 1 o.oo 0.00 o.oo 1 o.oo o.04 I o.04 I o.oo 

OKCALC 0.74 0.50 0.31 0.00 I 0.00 0.181 0.11 i 0.05 0.00 I 0.00 i i 0.13 I 0.00 i 0.00 ! 0.00 0.06 o.29 I o.56 0.40 o.12 1 o.06 

OKT&E I 0.00 0.00 0.00 I 0.06 I 0.00 i I 0.00 i 0.00 I 0.00 o.oo I o.oo I , o.oo I o.06 I I 0.06 1 0.06 I 0.00 0.00 0.08 o.os i o.2o I o.oo 

WEQT 0.00 0.00 o.oo ' 0.13 I 0.42 ! , 0.12 i 0.05 i 0.42 0.16 o.18 i i o.06 I o.oo o.oo I o.oo I o.oo o.oo I o.oo 0.04 o.04 1 o.06 

WCALC 0.16 . 0.31 o.44 I o.l9 I I I ' 0.11 ! 1 0.12 0.05 i 0.05 0.00 o.oo I I o.44 0.65 0.71 i 0.41 i 0.38 0.47 ' 0.24 0.24 0.12 0.41 

NATT o.o5 1 o.oo 0.13 0.56 0.37 i o.12l o.oo i o.oo 0.05 0.00 0.38 0.29 i o.24 i o.53 I o.56 0.24 ' 0.12 0.20 i 0.48 0.47 

i ! I I 
I 

OK 0.79 ! 0.69 0.44 0.12 0.11 ! 0.65 0.90 0.52 0.79 0.82 ' 0.13 0.06 0.06 i 0.06 ! 0.06 0.29 0.64 0.52 0.36 0.06 

WRONG 0.16 ! 0.31 0.44 0.32 0.53 i 0.24 I 0.10 I 0.47 0.16 0.18 0.50 0.65 0.71 i 0.41 0.38 I o.47 , o.24 0.28 0.16 I 0.47 

NATT 0.05 i 0.00 0.13 i 0.56 ! 0.37 i I 0.12 I 0.00 0.00 0.05 o.oo I 0.38 0.29 o.24 I o.53 0.56 1 o.24 I o.12 0.20 o.48 I o.47 



BUCKETS 

AH7 I I !I AH8 FM2 I FM3 
Buckets 1~ Sec+ Sec· i \ Buckets Sec+ Sec· . \ Buckets Sec+ Sec· . !, Buckets Sec+ Sec-

21 I 21 21 ' 17 17 17 I i 20 20 20 ' 24 24 24 

I 
. I ' 

' I 
' 

I . 

OKEQT. 0.05 I 0.24 I 0.10 0.29 1.00 0.71 i 0.00 0.05 0.05 0.00 0.00 0.00 

OKCALC 0.90 i 0.29 1
1 0.05 ! \ 0.59 1 0.00 0.00 0.60 0.45 0.10 . 1 0.88 0.50 1 0.17 

OKT&E. 0.00 I 0.00 i 0.00 i I 0.06 I 0.00 I 0.00 0.00 i 0.05 . 0.00 i 0.00 0.17 i 0.00 
' 

WEQT , 0.14 I 0.48 I i I 0.00 , 0.29 I ' 0.00 0.00 I 0.04 ! 0.00 

WCALC ! 0.24 0.19 I: i 0.00 i 0.00 ! 1 0.15 1 0.40 j i 0.13 I 0.71 

NATT o.oo I 0.10 ! o.19 I o.06 I 0.00 I 0.00 i o.2o I o.3o I o.45 i : 0.04 0.17 0.13 

! I! I I 
i 

i i 
I 

' ' OK 0.95 0.52 I 0.14 i 1 0.94 1.00 I 0.71 0.60 0.55 0.15 I I 0.88 ! 0.67 0.17 

WRONG o.o5 I o.38 I o.67 0.00 o.oo I o.29 0.20 I 0.15 I 0.40 I i 0.08 0.17 0.71 

NATT 0.00 i 0.10 , 0.19 I o.o6 ! 0.00 • 0.00 0.20 I 0.30 ! 0.45 0.04 0.17 0.13 



PATIERN-SALESPERSON-SECRET NUMBER 

AH7 AH7 i AH7 i 1 

AH8 AH8 I AH8 ; i FM:2 FM2 FM:2 FM:3 FM:3 ! FM:3 

Pattem Salesp. I SecNo Pattem Salesp. SecNo · i Pattem Salesp. SecNo Pattem Salesp. SecNo 

!6 16 i !6 I 19 19 19 I ! 

17 17 ! 17 i 25 25 25 
! i I i i I 

OKEQT I o.31 0.00 i 0.38 ! 0.58 I 
0.16 i 0.79 0.00 i 0.00 i 0.00 i 0.00 0.00 0.04 

OKCALC i 0.06 0.75 i 0.19 0.00 0.79 0.11 i i 0.18 0.65 i 0.00 ! 0.60 0.84 i 0.56 

OKT&E i 0.06 I 0.00 i 0.00 0.05 0.00 o.oo I 1 o.oo 0.12 0.06 i 0.04 0.04 i 0.04 

WEQT i 0.13 o.oo 1 o.l9 0.11 0.05 i 0.11 i I 0.00 0.00 : 0.00 ! o.oo I o.oo i o.oo 

WCALC I I I I i i 0.43 0.19 I 0.19 ! I 0.21 I 0.00 0.00 i 0.53 0.12 I 0.24 0.32 i 0.04 l 0.16 
NATI I o.oo 0.06 ! 0.06 I I 0.05 ' 0.00 0.00 I 0.29 0.12 0.71 I 0.04 i 0.08 i 0.20 

I 
! 

i i I i ' I ! I I 
i 

OK i 0.44 o.75 1 o.56 , 0.63 i 0.95 0.89 i 0.18 0.76 0.06 0.64 I 0.88 i 0.64 

WRONG 0.56 I 0.19 I 0.38 I 0.32 1 o.o5 I 0.11 I 0.53 0.12 0.24 0.32 l 0.04 0.16 

NATI 0.00 0.06 i I j 0.06 i i 0.05 0.00 o.oo I 0.29 0.12 i 0.71 0.04 0.08 0.20 



Annex E 
Overall facility leveis for ali problems in the main 

experimental study 



Overall facility leveis 

~ _ _9_u!stion_s___ 1---- ___ Location in tes! % ofcorrect 

-------~- _____ _ _ ______ Pll!'-"-""-- __ -+---'8=":::c5\V"_~!__ 

CarpJI-2]_ _____ _ .t 
- ---'-- -

Bl 40 
--- ------ -- ~-~---------

~pecd_J3_~_ _ _ -~--_<::2 -------~-~--
Choc [a+3b, a-3b) .f Cl 48 --------------- - - ---------- - ---
Pattem .f Bl 49 
---~-------- -- ----------------------------
SiopcA A2 50 --- ---------- --- ----~~--- -- - --~-------
TV [ commutati v.] A2 5.0 -------------- --- f-------·-----~~---- ----·- -------
~0:(=!0)_~- - -- ---- _,\1__ 56_~---
6n+ 165=63 .t B2 56 

-·----~--·------ ··--·-····----------- ---
SIJCcdA_ 

C:..arr [I ~I L 
C2 57 

Oranges A Al 
~---··-------·----------- -- ---------

88 
--~--- --· ---

Candics A2 94 

(Not alllocations provided; marked items are analaysed in the dissertation) 
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